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Les principes de la Mecanique sont deja si solidement etablis, 
qu'on auroit grand tort, si Von vouloit encore douter de leur verite. 



L. Eulcr, Reflexions sur I'espace et le terns (1748) 



The necessity to depart from classical ideas when one wishes to account for the 
ultimate structure of matter may be seen, not only from experimentally estab- 
lished facts, but also from general philosophical grounds. 

P.A.M. Dirac, The principles of quantum mechanics (1930) 



1 The principles of Mechanics have already been so solidly established that it would 
be a great mistake to still question their truth. 
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A pesar de carecer actualmente de formulation dinamica, es posible ob- 
tener gran cantidad de information sobre la Teorfa M, la teorfa que se 
postula como unificadora de todas las inter acciones, a partir de sus sec- 
tores perturbativo y de baja energi'a. En las regiones perturbativas ade- 
cuadas, la Teorfa M adopta la apariencia de la Teorfa de Cuerdas. Al 
considerar su lfmite de baja energfa, surge la supergravedad en once di- 
mensiones. Precisamente, esta Tesis Doctoral, basada en las referencias 
[l]-[8], discute algunos aspectos de la Teorfa M desde el punto de vista 
de la supergravedad once-dimensional. En el capftulo 1 se esboza una 
vision de conjunto de la Tesis, y se argumenta la pertinencia del analisis 
de supergravedad para el estudio de cuestiones relativas a la Teorfa M. 
Es en el capftulo 2 donde realmente comienza la discusion. 
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reconocimiento a Jose M. Izquierdo por conversaciones y colaboraciones 
y a Dmitri Sorokin por sus comentarios. Los agradecimientos han de 
hacerse extensivos a Moises Picon por conversaciones y colaboraciones, 
a Miguel Nebot por conversaciones y a Luis J. Boya por una interesante 
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Preface 



Despite its current lack of a dynamical formulation, a great deal of in- 
formation about M Theory, the conjectured theory unifying all interac- 
tions, can be retrieved from its perturbative and low energy corners. In 
the suitable perturbative regions, M Theory adopts the ten-dimensional 
guise of String Theory. When its low energy limit is considered, eleven- 
dimensional supergravity arises. As a matter of fact, this PhD Thesis, 
based on references [l]-[8], is devoted to the discussion of some topics 
about M Theory from the eleven-dimensional supergravity point of view. 
A general overview is sketched in chapter 1, where the relevance of su- 
pergravity in order to study M-theoretical issues is discussed, and the 
contents of the Thesis outlined. It is, however, chapter 2 that really 
starts the discussion. 

This Thesis has been mostly made at the Departamento de Ffsica 
Teorica and the Instituto de Fi'sica Corpuscular of the Universidad de Va- 
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be made of Igor Bandos, with whom I have also enjoyed many discussions 
and from whom I have received so much help. I am extremely grateful 
to both of them for their encouragement and support. Discussions and 
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Introduction 



Amazing as it is the advance experienced in the last decades by our un- 
derstanding of the fundamental processes and laws that rule the physical 
world, many important questions remain unsolved. Two major develop- 
ments, namely, General Relativity and Quantum Mechanics, contributed 
to shape the 20th century Physics. The former, culminating the frame- 
work of Classical Physics, is a generalization of Special Relativity, the 
theory that revised the Galilean and Newtonian notions of space and time 
and placed them on an equal footing in a continuum spacetime. General 
Relativity provides a geometrical description of gravity and the frame- 
work in which the current cosmological models are formulated. Quantum 
Mechanics, on the other hand, applies to physical phenomena occurring 
(mostly) at the subatomic level, and is crucial in the description of the 
rest of fundamental interactions. The replacement of the original Galilean 
character of Quantum Mechanics to make it consistent with Special Rel- 
ativity led to the development of Quantum Field Theory. Causality ar- 
guments could then be invoked to insist on a local, rather than a global, 
realization of some of the symmetries. The resulting Yang-Mills, or gauge, 
theories describe all fundamental interactions (electromagnetic, weak and 
strong forces) but gravity and, together with a prescribed matter content, 
are the key components of the Standard Model of particle physics. 

1.1 The road to M Theory 

The search for a unified description of different phenomena has been his- 
torically a guiding principle for the progress of Physics. From this point 
of view, it seems natural to look for a theory that combines all four fun- 
damental interactions within the same descriptive scheme. A more solid 
argument for the unification of fundamental interactions, going beyond 
aesthetical grounds, is provided by the fact that the coupling constants of 
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the fundamental interactions, including gravity, seem to converge at very 
high energies: at the grand unification scale of about 10 16 GeV. Even at 
low energies, though, the three interactions of the Standard Model ad- 
mit a description with the same Yang-Mills gauge theory language. The 
reason why gravity does not fit in this scheme is more serious than it 
may seem at first sight: General Relativity is a classical theory, and no 
consistent results are obtained when the usual prescriptions to account 
for quantum effects are imposed; in other words, General Relativity is a 
non-renormalizable theory. And yet, the energy scale at which quantum 
gravity effects would be significant, the so-called Plank scale, is 10 19 GeV, 
relatively close to the grand unification scale. This could be interpreted as 
a hint that a unifying theory describing all four fundamental interactions 
does indeed exist. 

Research on gravitation and high energy physics has traditionally fol- 
lowed separate road maps, although some discoveries have been fruitfully 
applied to both. That has been the case of supersymmetry [9, 10, 11] 
(see [12, 13] for reviews and [14] for a collection of reprints), a symmetry 
between bosons and fermions based on the concept of Lie superalgebra, 
a structure containing generators of both bosonic and fermionic charac- 
ter and thus including both commutators and anticommutators. Soon 
after its discovery, it was noticed that theories in which supersymmetry 
was realized locally automatically contained gravity. Roughly, the argu- 
ment goes as follows: the anticommutator of two supersymmetry gener- 
ators is a translation; locally realized supersymmetry therefore produces 
a local translation, to be identified with a diffeomorphism or local co- 
ordinate transformation; invariance under local supersymmetry implies, 
thus, invariance under diffeomorphisms and hence gravity. Such theo- 
ries of local supersymmetry were consequently called supergravities (see 
[15, 16, 17, 18]). The first and simplest supergravity theory to be con- 
structed was its four-dimensional (D = 4) version with only one super- 
charge (N = 1), and it was consequently called D = 4, N = 1, or simple, 
supergravity [19, 20] (see [15] for a review). 

In the seventies, supergravity was regarded as a promising candi- 
date for a quantum theory of gravity, since fermionic contributions to 
the gravitational perturbative expansions were expected to cancel the di- 
vergent scattering amplitudes. Simple supergravity turned out not to 
completely fulfil this prospect since, although successfully proved finite 
even at two loops [21], its matter couplings failed to be so already at first 
order [22]. Extended supergravities (containing N > 1 supercharges) 
were then developed, the promotion of their N(N — l)/2 abelian gauge 
fields to SO(N)-g&uge fields, yielding the so-called gauged supergravities, 
being subsequently explored. Among all extended supergravities, maxi- 
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mally extended D = 4, N = 8 supergravity [23, 24] had very attractive 
features: gravity, gauge fields and matter were all included in the same 
supergravity multiplet and, since no iV = 8 matter multiplets existed, 
a truly unified theory (expected to be renormalizable) of matter and all 
interactions could be achieved. 

Developments in supergravity research also included the construction 
of supergravity theories in diverse spacetime dimensions (see [25] for a 
collection of reprints), in particular, in ten and eleven dimensions. Three 
supergravity theories could exist in ten dimensions, a supergravity with 
N = 1 supersymmetry (Type I supergravity) and two versions with N = 
2: Type IIA (non-chiral) and Type IIB (chiral) supergravities (see [25] and 
references therein). On the contrary, only one supergravity theory existed 
in eleven dimensions, which was proved to be the maximal dimension in 
which supergravity could exist if higher spin fields were to be excluded 
[26]. Eleven-dimensional supergravity was then constructed by Cremmer, 
Julia and Scherk (CJS) in [27]. Maximal lower dimensional supergravities 
(those with a maximum amount of supersymmetry), like Type IIA in 
D = 10 or N = 8 in D = 4, were shown to arise as dimensional reductions 
(i.e., toroidal compactifications) of eleven-dimensional supergravity 1 . 

These developments encompassed a revival and update of the old 
(Nordstrom and) Kaluza-Klein ideas, and compactifications on non-trivial 
manifolds were explored (see [29] ) where the features of the effective four- 
dimensional theories were dictated by the properties of the compactifying 
manifold. For instance, the gauge group and the preserved supersymme- 
try in four dimensions were related to the isometry group and the holon- 
omy group [30] of the compactifying manifold, respectively. Eleven was 
not only the maximal dimension allowed by supersymmetry, but also the 
minimal dimension that, upon compactification of the extra seven dimen- 
sions, could accommodate the SU (3) x SU (2) x £7(1) gauge group of the 
Standard Model [31] as a subgroup of the isometry group. Moreover, it 
allowed for 'spontaneous' compactifications [32], in which compact seven- 
manifolds arose in a natural way. However, chiral fermion families could 
not be obtained [33] from compactification of (non-chiral) D = 11 super- 
gravity 2 . These facts, together with their non-renormalizable character, 
damped the interest in supergravity theories as candidates for a quantum 
theory of gravity. 

'As a matter of fact, one of the main original motivations to build up D — 11 
supergravity [27] was to circumvent the technical difficulties arising in the application of 
the standard Noether procedure to the construction of the D = 4, N = 8 supergravity 
lagrangian [28]; the full N = 8 lagrangian was actually obtained [23] by dimensionally 
reducing its D = 11 counterpart. 

2 This issue was revised later on, with the discovery that compactification spaces 
with singularities allowed for chiral fermions [34]. 
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On the other hand, new results were being obtained regarding a for- 
mulation of the other interactions. While the electroweak forces were 
successfully described by the spontaneously broken SU{2) x U(l) Yang- 
Mills theory, a description for the strong interactions was much less clear. 
Curiously enough, a description was proposed in terms of a theory of 
strings, since the results of the Veneziano amplitudes and Regge slopes 
suggested that hadrons could be described as vibrations of a fundamental 
string [35]. This setting assumed the bold proposal of substituting point 
particles for one-dimensional extended objects. However, the success of 
the application of Yang-Mills theory to the description of the strong inter- 
actions in terms of Quantum Chromodynamics (QCD), made the stringy 
description fall out of favour, while satisfactorily put the formulation of 
strong and electroweak forces on the same footing. 

String Theory (see [36, 37]) recovered from this setback when the 
realization that the spin two field contained in its spectrum could be 
interpreted as the graviton [38] (the quantum of the gravitational field) 
provided that the string scale was moved up, from the scale of the strong 
interactions to that of quantum gravity. Moreover, strings provided a 
renormalizable quantum theory of gravity because their interaction was 
smeared over a region of spacetime, instead of taking place at a point. 
The real String Theory explosion would come in the mid eighties, when 
the first superstring revolution took place. 

The classical theory of superstrings (incorporating supersymmetry) 
was known to be well defined in 3, 4, 6 and 10 spacetime dimensions [39], 
in which Wess-Zumino term (see [40]) existed endowing the action 

with /-{-symmetry 3 (see [36]), a local fermionic symmetry that allowed for 
the correct Bose-Fermi matching of degrees of freedom. At the quantum 
level, the theory was shown to be consistent only in ten dimensions, since 
only in that case it was anomaly free [43]. The anomaly cancelation left, 
moreover, five different possible string theories in ten dimensions, namely, 
Type IIA, Type IIB, Type I, SO(32) heterotic and E 8 x E 8 heterotic (see 
[36] and references therein). Also, supergravity was incorporated into 
String Theory: an analysis of the massless modes (describing the low en- 
ergy dynamics) in the spectrum of the different string theories showed 
that they consisted in the fields belonging to the different supergravity 
multiplets in ten dimensions, possibly coupled to super Yang-Mills mul- 
tiplets. More precisely, the low energy limits of Type IIA and IIB string 
theories were found to be, respectively, the super gravities of the same 
name; and that of Type I and the heterotic strings, Type I supergravity 
coupled to the N = 1 vector multiplet in ten dimensions with gauge group 



3 In the particle case, the existence of a fermionic gauge symmetry was shown in [41] 
in the massive case and in [42] in the massless case. 
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SO (32) (for Type I and the corresponding heterotic string) or E% x Eg 
(for the other heterotic string). 

Although a Lorentzian signature had to be imposed, the consistency 
of the five perturbative string theories provided for the first time a the- 
oretical argument for a particular value of the spacetime dimension. A 
Kaluza-Klein-type program was applied to string compactifications, that 
sought for realistic models in which ten-dimensional spacetime split into 
ordinary four-dimensional spacetime, and a compact six-dimensional Eu- 
clidean manifold. Interestingly enough, the compactifying manifold could 
be chosen so that realistic models close to the Standard Model were ob- 
tained in four dimensions. The heterotic [44] Eg x E& string was seen as 
particularly suitable for Standard Model building, since its compactifica- 
tions managed to provide E§ gauge symmetries 4 (a candidate gauge group 
in Grand Unification Theories). Moreover, choosing the compactification 
manifold to be Calabi-Yau [46], the phenomenological requirement of chi- 
ral fermion families provided by N = 1 supersymmetry in D = 4 was 
also fulfilled. All this added to the generalized enthusiasm that made 
String Theory the most promising candidate for the unified picture of the 
fundamental interactions since, proposed as a quantum theory of grav- 
ity, it also seemed to include the Standard Model as a result of its own 
selfconsistency conditions. 

Despite all this headway, many issues were still unresolved. First of 
all, the (five different) theories of superstrings were only defined at the 
perturbative level. Moreover, the existence of five different perturbative 
theories was not too appealing if String Theory had to unify all interac- 
tions. In fact, the usual prescription for the computation of scattering 
amplitudes involves both the sum over all possible topologies the string 
worldsheet can display (the genus expansion) and, in the presence of non- 
trivial backgrounds, the loop expansion in the string coupling constant 
a' for each one of those topologies. Although this perturbative approach 
can be intensively exploited to obtain a great deal of information about 
the theory it describes, it was apparent that there was a lot of non- 
perturbative structure which could not be reached by this prescription. 

That is indeed the case. There exist states that are naturally non- 
perturbative but similar, instead, to the solitonic solutions present in 



4 Notice that ten-dimensional heterotic compactifications on six-manifolds do not 
contradict the fact mentioned above that only compactifications from eleven dimensions 
on seven-manifolds allow for the Standard Model gauge group in the resulting four- 
dimensional theory. The resulting gauge symmetry in heterotic compactifications is a 
result of the presence of E% x Eg gauge fields already in the ten-dimensional theory, 
and not a consequence of the isometries of the compactifying manifold. Calabi-Yau 
manifolds have, indeed, no isometries at all. See [45] for a derivation of the Standard 
Model gauge group from compactification in a IIA context. 
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other field theories. There are some special solitonic solutions, the so- 
called Bogomornyi-Prasad-Sommerfield (BPS) states 5 which, despite be- 
ing classical, can be considered as true solutions to the non-perturbative 
quantum theory. BPS multiplets arise in massive representations of the 
N > 1 extended supersymmetry algebras in which the Bogomol'nyi bound, 
relating the eigenvalues of the momentum (mass) and of the central 
charges, is saturated. Their basic feature is that they are characterized 
by containing significatively fewer states than a usual massive multiplet. 
Now, although both mass and charge may undergo renormalization in 
perturbation theory, the BPS condition is protected from quantum cor- 
rections. A heuristic argument to support this claim is that, otherwise, 
as quantum effects are being switched on a BPS multiplet could turn 
into a non-BPS one containing many more states than the former, and 
such drastic appearance of states is not expected to happen. It is in this 
sense that BPS states, albeit usually described by solutions of the clas- 
sical equations of motion, are stable under quantum corrections and can 
be lifted, therefore, to solutions of the full, non-perturbative theory. This 
is why they are so useful to probe the non-perturbative structure of the 
theory. 

Thus, the notion of BPS states turned out to be crucial in order 
to explore the non-perturbative regime of the five string theories. Such 
research derived, in the mid nineties, in important discoveries concerning 
the relations among them. Some perturbative relations, known as T- 
dualities (see [49]), among the compactifications of the different string 
theories were nevertheless already known at the time: Type IIA and 
Type IIB were known to be T-dual (equivalent) when compactified on a 
circle of radius R and a'/R, respectively, and viceversa. The two versions 
of the heterotic string were also T-dual. S-dualities [50], in contrast, 
were of a different nature and provided, instead, a generalization of the 
conjectured electric-magnetic duality of classical electrodynamics [51]. S- 
dualities related the strong coupling regime of a string theory (where 
the usual perturbative prescriptions break down) with the weak coupling 
regime (that could be treated in perturbation theory) of another string 
theory. Type I and SO (32) heterotic were shown to be S-dual, and Type 
IIB to be S-selfdual. T and S-dualities were unified by U-duality [52], and 
the resulting web of dualities managed to give a unified picture of all string 
theories, which were then reinterpreted as perturbative expansions around 
five different vacua of the same underlying non-perturbative theory. The 
importance of this fact motivated that its discovery were marked as the 
beginning of the second super string revolution (see [53]). 

Two decisive developments came along with the discovery of the web 



5 The terminology comes from [47, 48]. 
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of dualities. The first one was the realization that p-branes [54] (see also 
[55]), supersymmetric extended objects sweeping out a worldvolume of 
p spacelike dimensions, were to be included in the theory [56]. These 
branes are solutions of the classical supergravity equations and, since 
they carry topological charges [57] (see also [58]), associated to the cen- 
tral charges of the supersymmetry algebra, they keep on being solutions 
at the quantum level. That is why they are so valuable to probe the non- 
perturbative sectors of the theory. The existence of these extended objects 
in String Theory suggests a p-brane democracy [59], according to which 
they should be treated on the same footing as the strings themselves. 
The second development was the realization that Type IIA and Eg x E$ 
heterotic string theories were dual to a non-perturbative theory in eleven 
dimensions [60, 61], subsequently dubbed M Theory (see [53] for a review 
and [62] for a collection of reprints). The coupling constants of those 
string theories were taken as growing functions of a compactification ra- 
dius so that, in their strong coupling regime, an eleventh dimension arose. 
This duality was supported by other facts; as already mentioned, Type 
IIA supergravity was known to be the dimensional reduction of eleven- 
dimensional supergravity, and the IIA string could be derived [63] from 
the eleven-dimensional supermembrane. This added reasons to conjecture 
eleven-dimensional supergravity as the low energy limit of M Theory. 

Eleven is, in fact, the maximum spacetime dimension that local space- 
time supersymmetry permits (as already mentioned) and that can contain 
supersymmetric extended objects (see [64]). Also, the relevant supermul- 
tiplet in eleven dimensions that determines the field content of D = 11 
supergravity is both unique and far simpler than its ten-dimensional coun- 
terparts. It only contains three fields: the metric (or graviton) g^ u , its 
supersymmetric partner, the gravitino ip a , and a three- form A3. From 
this perspective, eleven dimensions are more natural than ten, although 
the selfconsistency arguments provided by String Theory were irrefutable. 
After the mid nineties, however, the place of String Theory was redefined, 
from a theory of vibrating one-dimensional extended objects, to a theory 
of extended objects in general. And, rather than being fundamental the- 
ories in themselves, string theories arose as five different ten-dimensional 
perturbative corners of a new and truly fundamental eleven-dimensional 
theory, M Theory. 

These insights about the non-perturbative sectors of the theory al- 
lowed for new activity. For instance, D-branes [65] (see [66]) superseded 
heterotic string compactifications in Standard Model building (see [67]). 
On the other hand, other developments took place, exploring the non- 
perturbative sectors of the theory. That was the case of the AdS/CFT 
correspondence [68] (see [69] for a review), originally formulated in a Type 



8 



1 Introduction 



IIB context. According to it, String Theory on a ten-dimensional back- 
ground containing five-dimensional Anti-de Sitter space, AdS§, is dual to 
a superconformal field theory (CFT) in the conformal boundary of AdS$, 
namely, four-dimensional Minkowski space M4. The original formulation 
related IIB string theory on the maximally supersymmetric background 
AdS§ x S 5 , where S 5 is the round five-sphere, to JV = 4 super Yang- 
Mills theory. Subsequent generalizations were proposed; in particular, a 
dual N = 1 superconformal field theory is obtained if S 5 is replaced by a 
Sasaki-Einstein manifold [70]. 

The current knowledge of M Theory includes the non-perturbative 
dualities it displays and the fact that its low energy limit is eleven- 
dimensional supergravity. Properties such as the stability of BPS states 
allow to probe the full M Theory from supergravity solutions: the well- 
known eleven-dimensional branes can be described by their worldvol- 
ume actions [71, 72], or considered as supergravity solutions [73, 74] 
(see [64, 75] for reviews), that arguably remain solutions of the full non- 
perturbative M Theory. D = 11 supergravity thus provides a laboratory 
to explore basic features of M Theory. Brane solutions preserve one-half of 
the maximum amount of super symmetry (see [57]), and their intersections 
preserve smaller fractions [76] . Getting to know more supersymmetric so- 
lutions of supergravity, preserving different fractions v of supersymmetry, 
would still provide further insight into the theory. 

Although supersymmetric solutions to D = 11 supergravity involving 
both bosonic and fermionic fields are known (see [77]), the search for su- 
pergravity solutions has been usually restricted, for simplicity, to purely 
bosonic configurations. Being bosonic, the fermion fields can be set to 
zero in the equations of motion and the requirement that the solution 
be supersymmetric is achieved provided the supersymmetry transforma- 
tion of the fermions also vanishes. Supersymmetric purely geometrical 
solutions, in which the metric is the only non-vanishing field, can be clas- 
sified by Riemannian holonomy. More general supergravity solutions can 
be suggestively discussed by an extension of Riemannian holonomy in 
terms of generalized holonomy [78, 73], G-structures [79, 80], or spinorial 
geometry [81]. We shall be discussing some related issues in this Thesis. 

Another piece of valuable information about M Theory can be ob- 
tained, also at the supergravity level, by studying the symmetry algebra 
on which it is based [59, 82]. The brane solutions of D = 11 supergravity 
are often viewed as the fundamental objects of M Theory, in much the 
same way strings were the basic objects of String Theory. In particular 
the topological charges [57] of the M5 [58] and M2 branes can be naturally 
included in the supersymmetry algebra to give the so called M Theory 
algebra [59]. The lack of an action principle for M Theory can be partially 
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overcome by group theoretical methods and, as a matter of fact, the study 
of the representations of the M Theory superalgebra suggests that states 
preserving 31 supersymmetries could be treated as fundamental, the rest 
being composed of them. These states, introduced in [83] and called pre- 
ons, could be considered as fundamental constituents of M Theory. As it 
will be shown in this Thesis, these notions also lead naturally to consider 
enlarged superspaces [8] and supertwistors (see [84] for a review) ; see [85] 
for earlier ideas on superbranes and enlarged superspaces and [86] for a 
review in this context. 

The study of the symmetries of supergravity is, arguably, a useful 
tool to obtain insights into the structure of M Theory. The obvious 
(bosonic) local symmetry group of D = 11 supergravity is the Lorentz 
group SO(l, 10) and, hence, Lorentz covariant derivatives of the super- 
gravity fields arise naturally in the lagrangian. However, another superco- 
variant derivative taking values on the Lie algebra of SL(32, R) [87] arises 
in order to express the variation under local supersymmetry of its gauge 
field, the gravitino ip a . Indeed, the suggestion has been made [87] that 
D = 11 supergravity has a hidden SX(32,R) symmetry, that might be- 
come relevant in M Theory 6 . However, no explicit formulation of D = 11 
supergravity has been explicitly achieved so far exhibiting this symmetry. 

This argument applies to the original, CJS formulation of D = 11 
supergravity and, in particular, assumes a fundamental character for the 
three- form A3 of D = 11 supergravity. The observation was made in 
[92] that the lack of a clear formulation for the gauge group of D = 11 
supergravity could be put down, precisely, to the presence of A3. Being 
a three-form, it did not admit an interpretation as a gauge potential 
of some symmetry group. In consequence, A3 was proposed [92] to be 
composed of gauge one-form potentials of suitable groups which could 
play a role [6, 7] in the formulation of the fully-fledged M Theory. This 
formulation leads naturally to supersymmetry algebras larger than the 
standard superPoincare algebras. Other natural setting to formulate the 
symmetries of supergravity theories is achieved by a Chern-Simons (CS) 
formulation [91, 93], in which the lagrangians are obtained as CS forms 
of suitable supergroups. 

In summary, a great deal of information about M Theory can be 
obtained from the analysis of its low energy limit, D = 11 supergravity, 
the symmetries and structure of which are hence worth further study. 
This Thesis aims to make a modest progress towards a formulation of 
these symmetries and the identification of the fundamental constituents 
of M Theory from the analysis of D = 11 supergravity. 



6 Several groups may also play a role, as the rank 11 Kac-Moody group En [88], 
OSp{l\64) [89, 90] or 05p(l|32) (see [91]). 
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1.2 The contents of this Thesis 

The plan of the Thesis is as follows. 

In chapter 2, the elements of D = 11 CJS supergravity that will be 
needed in the rest of the Thesis are reviewed. The superPoincare algebra 
is presented, and extended into the M Theory superalgebra, containing 
the central charge generators that couple to the basic M branes. The ac- 
tion of D = 11 supergravity is then introduced, in a first order formalism 
that treats the vielbein, gravitino and three-form of the corresponding 
supergravity multiplet, as dynamical fields. The spin connection is com- 
posed out of them, and an additional auxiliary four-form becomes related, 
on-shell, to the curvature of the three- form. The various symmetries of the 
action are discussed, with particular emphasis on supersymmetry. The 
variation of the gravitino under supersymmetry allows us to introduce a 
generalized connection taking values on the Lie algebra of SX(32, R). The 
local (bosonic) symmetry of supergravity (at least when the three-form 
field is regarded as fundamental) is, however, only its subgroup SO(l, 10), 
hence the name of generalized connection. Nevertheless, the analogy can 
be pushed forward, and a generalized curvature and its corresponding 
holonomy, consequently called generalized holonomy, can be introduced 
as a useful tool to discuss supersymmetric solutions. Interestingly enough, 
the generalized curvature is shown to encode the bosonic equations of mo- 
tion of D = 11 supergravity, not only in the purely bosonic limit but also 
when the gravitino is not vanishing [1]. 

Further study about generalized holonomy is carried out in chapter 3. 
It is usually claimed that the holonomy of a connection on a given fiber 
bundle is generated by the curvature. A more precise statement, that is 
usually underemphasized, is that the Lie algebra of the holonomy group 
at a point p is generated by the curvature at p and at any other points that 
can be reached from the former by parallel transport. The effect of the 
curvature at neighbouring points of p can be measured by the successive 
covariant derivatives of the curvature at p. These covariant derivatives 
of the curvature are, thus, also involved in the definition of the Lie al- 
gebra of the holonomy group. Translated into the problem of counting 
the supersymmetries of a vacuum, this means that, in general, the first 
order integrability of the Killing spinor equation (which determines the 
supersymmetries preserved by a bosonic supergravity solution) might not 
be not enough to ensure that the equation is satisfied, and higher order 
integrability conditions could be needed to solve the equation. 

Using these ideas, the generalized holonomy of several supersymmet- 
ric solutions of supergravity is revisited in chapter 3. The generalized 
holonomy of the usual brane solutions [94] is reviewed showing that, in 
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these cases, successive covariant derivatives of the corresponding general- 
ized curvatures only close the algebra obtained from the curvature. In this 
sense, higher order integrability for the M branes does not add significant 
new information to the Lie algebra of the holonomy group. Freund-Rubin 
compactifications, on the other hand, are given as examples in which the 
supercovariant derivatives of the generalized curvature are crucial to de- 
termine the Lie algebra of the generalized holonomy group. In fact, the 
curvature algebra for the Freund-Rubin compactification on the squashed 
S 7 turns out to be the Lie algebra of G2. It is argued that this cannot be 
the right result, since a G2 holonomy does not describe correctly the pre- 
served supersymmetry of the solutions. On the contrary, the generators 
provided by the supercovariant derivative of the generalized curvature 
enhance the holonomy algebra to so(7) [95, 2], which is also argued by 
supersymmetry to be the right result. 

Our study of generalized holonomy continues in chapter 4 from a 
different point of view, in the context of the preon hypothesis [83]. BPS 
states preserving k supersymmetries out of 32 are argued to be composed 
of n = 32 — k of preons, a number that coincides with that of broken 
supersymmetries so that k = 32 indicates a fully supersymmetric vacuum. 
Preons themselves are characterized by k = 31: they are v = 31/32 states 
and preserve all supersymmetries but one. It is shown that a set of h 
bosonic spinors can be introduced in order to describe these states. For 
simplicity, it will be assumed that these states are purely bosonic so that, 
being /c-supersymmetric, they are also characterized by k Killing spinors. 
The preonic and Killing spinors are shown to be orthogonal and, thus, 
provide an alternative description of the preserved supersymmetries. In 
fact, this orthogonality can be further exploited [3]: the set of preonic 
spinors, on the one hand, and the set of Killing spinors, on the other 
hand, can be completed, respectively, to two bases in the space of spinors, 
dual to each other. 

Either one of these two bases define a moving G -frame [3], where G is 
a group that can be chosen for convenience. The M Theory superalgebra, 
the algebraic analysis of which leads to, and can be made in terms of, the 
preon conjecture, has a maximal automorphism group of GL(32,R) and, 
thus, it is natural to choose G = GL(32,M). Other groups are, however, 
possible and the more restrictive options G = SL(32,M) (the relevant 
group in the generalized holonomy approach) or G = Sp(32,M) may also 
be taken. The G-frame method is then applied to the characterization 
of the generalized holonomy of preonic supergravity solutions, namely, 
hypothetical supergravity solutions preserving 31 supersymmetries, asso- 
ciated to the BPS preon states. No definitive answer about their existence 
in ordinary CJS supergravity can be given from this analysis. However, 
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preonic configurations are shown to exist [3] in the context of Chern- 
Simons super gravities. Chapter 4 then concludes with the introduction 
of a brane action preserving 31 supersymmetries and describing, hence, 
a preon state. This brane is not formulated on standard CJS supergrav- 
ity, though, but in the context of D'Auria-Fre approach to supergravity 
[92] (that assumes a composite structure of the three-form A3 in terms of 
suitable one-form gauge fields). 

This result gives us reasons to further explore D = 11 supergravity d 
la D'Auria-Fre. Before doing so, however, a break is done to introduce 
in chapter 5 the expansion method [4] for Lie (super) algebras, since it 
will be useful in this context. The mathematical (vs. physical) content 
of chapter 5 is significatively higher than that of the rest of the Thesis. 
It is a technical chapter giving the details of how the expansion method 
works, and describing the features of the algebras obtained. First of all, 
a review is done of the existing methods (contractions, deformations and 
extensions) to obtain and derive new Lie algebras (and superalgebras) 
from given ones. Then the expansion method for Lie algebras Q is intro- 
duced in general. Like the contraction method, it relies on a redefinition 
of the group coordinates by a parameter A that makes the Maurer-Cartan 
(MC) one-forms of the (dual) Lie algebra expand in infinite power series 
of A with one-form coefficients. The series can be consistently truncated 
at suitable orders, provided the cutting orders fulfil some conditions, and 
the retained one-form coefficients then correspond to the MC forms of 
the new, expanded algebras. The method is then applied to Lie algebras 
with a particular structure of subspaces that, in the end, makes straight- 
forward its generalization to Lie superalgebras. As a first application of 
the method, the M Theory superalgebra (including its Lorentz automor- 
phism part) is derived [4] as the expansion osp(l|32)(2, 1,2) of osp(l\2>2) 
(see chapter 5 and [4] for the notation). 

Chapter 6 returns to the main subject of this Thesis, D = 11 su- 
pergravity. The gauge symmetry underlying supergravity is revised, in a 
formulation d la D'Auria and Fre [92]. In general, a lagrangian theory 
with local symmetry algebra Q is described in terms of gauge one-form 
fields, associated to the MC forms of G, and its curvatures. However, as 
opposed to its D = 4, N = 1 counterpart, eleven-dimensional supergrav- 
ity contains, as already mentioned, besides the vielbein e a and gravitino 
ip a one-forms, a three-form A3 that, as such, cannot be associated to 
a symmetry generator. However, two new bosonic one- form fields B ah , 
£>a 1 ...a 5 anc | one f erm i on i c ij a can De introduced to express A3, together 
with the former one- forms e a , ip a , as a composite of these one- forms. All 
these one-forms can be associated to Maurer-Cartan one-forms of a one 
parameter family of Lie superalgebras. These MC forms are defined on 
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the corresponding group manifolds, or enlarged rigid superspaces. They 
are to be interpreted as describing the underlying gauge symmetry of 
D = 11 supergravity: the symmetry is hidden when A3 is considered 
as a fundamental field, but becomes manifest when ^3 is treated as a 
composite field. 

Free differential algebras (FDAs) are brought into the picture to deal 
with this problem. FDAs [96, 92, 97, 18] are a natural generalization of 
(the dual point of view of) Lie algebras, containing p-forms ir p of rank 
p > 1. For a particular case of FDAs (the minimal ones), the differentials 
of the higher rank p-forms tt p are nontrivial Chevalley-Eilenberg (CE) 
cocycles uj p +i of a certain Lie algebra Q. If there exists another {larger) 
algebra Q in terms of the Maurer-Cartan forms of which the non-trivial 
cocycles uj p+ i for Q become trivial, then the MC forms of Q will allow 
us to express tt p as composites of them. The problem of the composite 
structure of A3 and the underlying symmetry of supergravity fits naturally 
in this language and, in fact, it is further studied [92, 6, 7] using these 
arguments. 

The possible dynamical consequences of a composite A3 are also an- 
alyzed in chapter 6, by substituting its composite expression into the 
supergravity first order action. The equations of motion of the new fields 
are shown to imply those of A3, but now considering the later as com- 
posed of them, rather than as fundamental. Although the new fields carry 
more degrees of freedom than A3 does, the formulation of supergravity 
due to D'Auria and Fre can be regarded as dynamically equivalent to the 
standard CJS formulation, since there exist gauge symmetries that make 
these extra degrees of freedom pure gauge. The chapter ends emphasizing 
how enlarged superspaces can be found for some theories such that their 
dimension coincides with the number of fields present in the theory: the 
gauge structure of D = 11 supergravity is an example of this extended 
superspace coordinates/fields correspondence [85]. 

In chapter 7, enlarged superspaces are again used. The relevant super- 
space there is actually the group manifold of the M Theory superalgebra 
and its generalizations with n fermionic and ^n(n + 1) bosonic coordi- 
nates (also called 'maximal', 'maximally enlarged' or 'tensorial' super- 
space). Extended objects in enlarged superspaces are known to provide 
models for preonic objects; this is, in fact, our motivation for the study 
of this system. A model for a supersymmetric tensionful string moving 
in maximally enlarged superspace is proposed in chapter 7, which can be 
interpreted as a higher spin generalization of the Green-Schwarz super- 
string. The model neither involves Dirac matrices nor has a Wess-Zumino 
(WZ) term. Instead, it is formulated in terms of two bosonic spinors, a 
counterpart of the preonic spinors introduced in chapter 4. The claim [8] 
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that (in D = 11) the model preserves 30 supersymmetries out of 32 (or, 
in general, n — 2 out of n) is supported by the fact that it possess 30 
fv-symmetries, in spite of its lack of a WZ term. The number of bosonic 
and fermionic degrees of freedom of the model is worked out resorting to 
a hamiltonian analysis, which can be simplified with the use of orthosym- 
plectic supertwistors. The chapter concludes with an extension of these 
ideas to the construction of super-p-branes models in maximally enlarged 
superspaces. 

Chapter 8 contains our conclusions. Some technical details are rele- 
gated to the appendices. 



2 

Eleven-dimensional supergravity 



The general framework in which the rest of the Thesis is developed is 
introduced in this chapter, devoted to the review of a number of topics 
about D = 11 Cremmer-Julia-Scherk (CJS) supergravity in order to fix 
the conventions and notation used in most of the subsequent chapters. Af- 
ter describing in section 2.1 the super symmetry algebras and groups rele- 
vant for supergravity (with particular emphasis on the eleven-dimensional 
case), the action principle of the theory is introduced in section 2.2, in 
a first order formalism that turns out to be convenient for subsequent 
developments. The symmetries of the action are also discussed in that 
section, devoting the following section 2.3 to the supersymmetry of the 
theory and to the related notions of generalized connection, curvature 
and holonomy. The equations of motion are described both in general, 
in section 2.4, and in the purely bosonic limit, in section 2.5. Finally, 
in section 2.6 the equations of motion of eleven-dimensional supergrav- 
ity are shown to be encoded in the generalized curvature even when the 
gravitino is non- vanishing [1]. 



2.1 The M Theory superalgebra 

Eleven-dimensional CJS supergravity [27] is the locally supersymmetric 
field theory based on the (only) massless supermultiplet of the super- 
Poicare group in eleven spacetime dimensions containing fields up to he- 
licity two [26]. Not only the supergravity multiplet is unique in D = 11, 
but the theory does not allow modifications such as the presence of a 
cosmological constant [98]. It is thus worth starting the discussion about 
eleven-dimensional supergravity taking a look at the symmetry algebra 
on which it is based. The D = 11 superPoincare (or standard super- 
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symmetry) algebra 1 (£ xi so(l, 10) is made up of the usual supertransla- 
tions algebra (£ acted on semidirectly by the Lorentz algebra in eleven 
dimensions. The supertranslations algebra (£ exponentiates into the su- 
pertranslations group S, the group manifold of which (also denoted X) 
corresponds to rigid superspace. In spacetime dimension D, the even 
part of the (iV-extended) supertranslations algebra (£ is generated by D 
bosonic (translation) generators P a , a = 1, . . . ,D, and the odd part by 
N fermionic (supertranslation) generators, or supercharges, Q l a with n 
components, i = 1, . . . , N, a = 1, . . . , n. The number n of components 
of each supercharge is that of the minimal spinor in spacetime dimension 
D, and the number N of supercharges has an upper bound depending 
on D (see below). In eleven dimensions, D = 11, there is only one su- 
percharge, N = 1, that is a Majorana spinor with n = 32 components. 
Accordingly, we shall usually assume N = 1, in which case D and n are 
the bosonic and fermionic dimensions of superspace. When the dimen- 
sions are needed explicitly, to avoid confusion it will be written g(- D l n ) 
(for the superalgebra) and E^l"-) (for the supergroup, or superspace); 
in eleven dimensions, thus, the supertranslations algebra is (£( n l 32 ) and 
superspace is X^ 11 ! 32 ). As a supergroup, the X^ 11 ! 32 ) superspace can be 
regarded as a central extension 2 [85] by the generator P a of the abelian 
fermionic translations group £(°l 32 ) generated by Q a . Further extensions 
and enlargements of the algebra are possible, as we shall shortly see. 

As for the structure of the superPoincare algebra, the supertransla- 
tions (anti) commutation relations defining <£ are 

{Qa,Q{)} = rZpPa, [Pa,Qa}=0, [P a ,P b } = 0, (2.1.1) 

where r a a ^ are 32 x 32 eleven-dimensional Dirac matrices defining the 
Clifford algebra C/(l,10), 

{T a ,F b } = 2 Vab I 32 , (2.1.2) 

i] ab being the Minkowski metric and I32 the 32 x 32 identity matrix. 
The spinor indices are raised and lowered with the 32 x 32 skewsym- 
metric charge conjugation matrix C a p, which is understood in (2.1.1): 
r^g = r a Q , 7 C 7j a. The Lorentz group SO(l, 10) has generators J ab , and its 
corresponding algebra so(l, 10) is defined by the commutation relations 

[J ab ,J cd ] = -AJ [a % d K (2.1.3) 

Its semidirect action on the supertranslations algebra (£ is given by 

[Jab,Q a ] = iTab^Qa , [J ab ,Pc}=2 Vc[a P b] , (2.1.4) 

lr The symbol xi will be used throughout, either denoting semidirect sum (when used 
in a Lie algebra context) or semidirect product (when used in a Lie group context). 
2 See section 5.1 in chapter 5 for a brief review of Lie algebra extensions. 
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where T is the antisymmetrized product of two Dirac matrices of the 
Clifford algebra C7(l, 10); in general, 



where the brackets denote antisymmetrization with weight one. The set 
of (anti)commutators (2.1.1), (2.1.3), (2.1.4) defines the superPoincare 
algebra <£ xi so(l, 10). 

The number of supersymmetries of a supergravity theory in any di- 
mension must be at most 32, if interacting fields of spin higher than 2 are 
to be avoided 3 . This is the requirement that places an upper bound de- 
pending on the number of components n of the minimal spinor in dimen- 
sion D. The 32-component supercharge Q a of D = 11 supergravity makes 
its equations display maximal supersymmetry; the maximally supersym- 
metric supergravity in four dimensions has, instead, N = 8 4-component 
supercharges Q l a , i = 1, . . . , 8, a = 1, . . . , 4, so that it also displays 32 
supersymmetries. iV-extended super gravities in lower dimensions allow 
for supersymmetry algebras with a richer structure, since new generators 
commuting with the rest of the superPoincare generators, and conse- 
quently called central charges, can be introduced on the right-hand-side 
of the anticommutator of two supercharges (the first equation in (2.1.1)). 
Eleven-dimensional supergravity has only one supercharge, N = 1, but 
extensions nevertheless do exist generalizing the anticommutator of two 
supercharges. 

In fact, the anticommutator in (2.1.1) is symmetric in the spinor in- 
dices (a/3) and takes values on the (even part Cl(l, 10)+ of the) Clifford 
algebra C7(l, 10) generated by 



r£i = (r [2l C*) a/3 and rjl = (r [5] C) a/3 are symmetric in (a/3), whereas 



the rest in (2.1.6) are skewsymmetric. The standard supertranslations al- 
gebra (£ can accordingly be extended by adding two more antisymmetric 
tensorial generators Z a b = Z[ ab j, Z ai _ mmas = Z[ 0l ... 05 ] to the right-hand-side 
of the anticommutator of two supercharges [82]: 




(2.1.5) 



{Jsa.rW.rM.rM.rW.rM}, 



(2.1.6) 




{Qa, Q?} = KpPa + iKpZab + Z ai ... OB . (2.1.7) 



3 See section 7.1 of chapter 7, and references therein, for some remarks about higher 
spin theories. 
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The generators Z^, Z ai __ Mb commute among themselves and with the 
rest of supertranslation generators. They are, thus, central if the Lorentz 
group is ignored and, in fact, are also called central charges. 

The extension (2.1.7) of the standard supertranslations algebra l£ = 
(g(ii|32) ky the bosonic generators Z^, Z ai ___ as gives the superalgebra 
^(528|32)^ w ^ generators 

Pa > Qa > Z aia2 , Z ai _ a5 , (2.1.8) 

and bosonic dimension + (") + (") = 11 + 55 + 462 = 528. Be- 
ing maximally extended (in the bosonic sector 4 ), g( 528 l 32 ) generalizes the 
superPoincare algebra in eleven dimensions and is usually called the M 
Theory superalgebra or M-algebra 5 [59] (see [82, 99, 85]). Its associated 
group manifold £( 528 l 32 ) corresponds to the maximally extended rigid su- 
perspace. The bosonic generators P a , Z a b and Z ai ___ a& can be collected in 
a generalized momentum P a p = Pp a generator, 

Pa/3 = r^Pa + i^p 2Z a ia2 + r^" a5 Z ai ...a B , (2.1.9) 

in terms of which the (anti)commutation relations of the M Theory su- 
peralgebra g( 528 l 32 ) can be written succinctly as 

{Qa, Qf3} = Paf3 , [Qa, Pf3 7 ] = . (2.1.10) 

In terms of the generalized momentum P a /3, these (anti) commutation 
relations (2.1.10) exhibit a GL(32,R) automorphism symmetry. When 
the decomposition (2.1.9) is used to write P a p in terms of Dirac matrices, 
the GL(32,R) automorphism symmetry is reduced down to the Lorentz 
group 50(1,10). In some applications (see chapter 4), it is interesting 
to consider the maximal automorphism group of the M Theory superal- 
gebra, GX(32,R). For other developments, however, it is convenient to 
consider the reduced automorphism group SO(l, 10) for the M algebra 
since, after all, the supergravity equations only display a local Lorentz 
symmetry. The semidirect sum g( 528 l 32 ) xi so(l, 10) becomes, then, the 
counterpart of the superPoincare algebra (£( n l 32 ) xi so(l, 10) in the pres- 
ence of additional tensorial central charges. In chapter 5, the M Theory 
superalgebra with SO(l, 10) automorphisms will be revisited in connec- 
tion with the orthosymplectic superalgebra osp(l|32) and shown to be an 
expansion of this group [4] . 

The M Theory superalgebra contains complete information about the 
non-perturbative BPS states of the hypothetical underlying M Theory: 

4 Further extensions are, however, possible in the fermionic sector: see chapter 6. 
5 See [99, 85, 92] for further generalizations of the M Theory superalgebra and for 
their structure. 
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the additional bosonic generators Z^, Z ai „ M5 of the M-algebra (2.1.10) 
are related to the topological charges [57] of the supermembrane and the 
super- M5-brane 6 [58] (see also [103]). These ' single brane' BPS states 
can be associated with D = 11 supergravity solutions [64, 75] or with 
fundamental M Theory objects described by their worldvolume actions 
[71, 72]. Although the M-algebra (2.1.10) leads naturally to a D = 11 
Lorentz-covariant interpretation when the splitting (2.1.9) is used, it also 
allows both for a IIA and a IIB treatment. In the first case, this is allowed 
because the (relevant) Dirac matrices coincide in ten and eleven dimen- 
sions; in the IIB case, a counterpart of equation (2.1.9) [59, 104] can 
be written if the spinor indices a are split as a'i, where a' = 1, . . . , 16 
is a D = 10 Majorana-Weyl spinor index and i = 1,2. As a result, 
the information about non-perturbative BPS states of the D = 10 su- 
perstring theories (including D-branes) can also be extracted from the 
algebra (2.1.10). This means that the M-algebra also encodes all the du- 
ality relations between different D = 10 and D = 11 superbranes. These 
facts add further reasons to call (2.1.10) the M Theory superalgebra [59]. 

To conclude this section, let us write, for future reference, the dual 
version of the algebras introduced above. It is usually convenient to 
resort to a dual point of view to deal with Lie algebras, especially to 
construct lagrangians invariant or quasi-invariant (i.e., invariant up to a 
total derivative) under the symmetry transformations of the Lie algebra. 
This dual point of view will be particularly relevant in chapters 5 and 
6. Let G be a Lie group with parameters g l , i = 1, . . . , dimG, and Q its 
Lie algebra, generated by the (left-, say) invariant vector fields Xi(g) on 
the group manifold G, with commutation relations pQ, Xj] = c^X^. The 
coalgebra Q* is then spanned by the dual (u l (Xj) = Sj), left-invariant 
Maurer-Cartan (MC) one- forms oJ l {g) on the group manifold G, subject 
to the Maurer-Cartan equations 

duj k = -\c%J Aw 3 , (2.1.11) 

which contain the same information than the commutation relations in 
terms of generators X; L . In particular, the Jacobi identities c^-cj m j = 
arise from the requirement that the MC equations (2.1.11) be consistent 
with the nilpotency of the exterior differential, dd = 0. 

6 This result was extended in [100] by showing that these generators also con- 
tain a contribution from the topological charges of the eleven- dimensional Kaluza- 
Klein monopole (^o M1 ... M4 oc eop 1 ...p i v 1 ...v e Z vl '" ve ) and of the M9-brane (Zo M oc 
(-Ofj,v 1 ..M ) Z vl "' u ' > ) which is usually identified with the Hofava-Witten hyperplane [61] 
(for the Kaluza-Klein monopole and the M9 brane only bosonic actions are known 
[101, 102]). 
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Introducing the MC one- forms IP, tt", a dual, respectively, to the 
generators P a , Q a , J a b, the superPoincare group can be described by the 
MC equations 

dU a = IF A a b a - m a A 7^1^ , 

dn a = ^Aa p a (a/ = \a ab Y ab j) , 

da ab = a ac A a c b , (2.1.12) 

offering a counterpart of the (anti) commutation relations (2.1.1), (2.1.3), 
(2.1.4). Finally, introducing the MC forms IP 6 , n 01 -™ 5 dual, respectively, 
to the generators Z ab , Z ai .„ a5 , the whole set 

n a , vr Q , n aia2 , n ai - as , (2.1.13) 

provides, setting aside the automorphisms part, the Maurer-Cartan one- 
forms of the M Theory superalgebra (j^ 528 ! 32 )^ left-invariant on the corre- 
sponding group manifold (maximally extended rigid superspace) £( 528 l 32 ). 
The one forms IP, IP fe , IP 1 "- 0,5 can again be collected into the symmetric 
spin-tensor one-form 

tto/3 J_ / TTa-po/3 _ j[-r-raia2-p a/3 , J_-rrai...a5-p a/3\ /q i -i a\ 

— 32 I 11 L a 2 11 1 a i Q 2 T5I 11 i H...«s J ' V^- 1 - 1 ^/ 

dual to P a p, in terms of which the MC equations of the M Theory su- 
peralgebra, containing the same information as the (anti) commutation 
relations (2.1.10), can be written in compact form as 

<m a0 = -iir a A vr^ , d-n a = . (2.1.15) 



2.2 First order action of D = 11 supergravity 

The field content of iV-extended supergravity in D dimensions is deter- 
mined by the so-called supergravity multiplet, determined by the mass- 
less representation of the corresponding superPoincare algebra containing 
fields up to helicity two. In particular, for the construction of the eleven- 
dimensional supergravity action, the central charges Z a ij, Z ai ... OB can be 
ignored. The fields involved in D = 11 supergravity [27] are, specifically, 
a Lorentzian metric (corresponding to the graviton) g^, a three- form A% 
and a Majorana Rarita-Schwinger field ip a (the gravitino). Actually, the 
presence of spinor fields makes it necessary to work in the vielbein ap- 
proach, in which the metric is replaced by a vielbein field in tangent 
space, satisfying g^ u = e^e^n^, where n^ is the Minkowski metric. Ex- 
cept in chapter 3, a mostly minus signature for the metric will be used 
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throughout this Thesis. In the component approach, these fields are to 
be regarded as forms on eleven-dimensional spacetime 7 M 11 , 

e a (x) = dafe*(x) , 
t(j a (x) = dx^(x) = e a ^(x) , 
A 3 (x) = J, dx^ 1 A dx^ 2 A dx** 3 A^^ (x) 

= i e «i Ae fl2 Ae fl3 A fl3a2fll (x) . (2.2.1) 

Notice the 'superspace' reverse order convention for the components of 
the p-forms. The differential <i will be taken to act from the right, 

da p = ^daf* A ... A dx^ 1 A dx v d v a^...^ . (2.2.2) 

As usual in supersymmetric theories, the number of bosonic and fermionic 
degrees of freedom match. In D = 11, e a has (- D ~ 2 K- P ~ 1 ) _ \ _ 44 n-shell 
degrees of freedom which, together with the ( D ^ 2 ) = 84 on-shell degrees 
of freedom provided by A3, makes up 128 bosonic on shell degrees of 
freedom. That is the same number of on-shell degrees of freedom of 
fermionic character, associated to the gravitino ip a , namely, ^ D / 2 \D — 
3) = 128. 

In addition to the forms (2.2.1), the first order action for D = 11 
supergravity [92, 105], 

S= f Cn[e a ,iP a ,A 3 ,Lo ab ,F 4 } , (2.2.3) 

contains the Lorentz connection one-form u ab and the auxiliary four-form 8 

Fa, 

uj a \x) = dx"cjf(x) , 

F 4 (x) = ± dx^ A dx^ A dx^' A dx^F^^ix) 

= 1 e «i A e aa A e fl3 A e^i^^ (x) , (2.2.4) 

that must be treated as independent fields in the variational problem, 
and acquire their usual, second order formalism values when considered 
on shell (see section 2.4). Notice that the on-shell counting of degrees 
of freedom coincides in the first and second order formalisms, since the 
auxiliary fields in the former become, on shell, functions of the fields 
defining the later. 

7 We shall be concerned with the spacetime component formulation of supergravity. 
For a review of the superspace formulation of supergravity, see e.g. [7]. 

8 The first order formulation of [92] involved no four-form F4 but a tensor zero-form 
F ai ...a 4 - The later can actually be replaced throughout by its contraction with four 
vielbeins to give an F4 and, hence, both formulations are equivalent. 
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The action (2.2.3) is defined on eleven-dimensional spacetime M n 
and the lagrangian that determines it reads [92, 105] 

C U = lR ab Ae^-Dr A^Afg 

+ ty a A^A(r + ^A^r a )Ae a A f <J> 
+(dA 3 - a 4 ) A (*F 4 + b 7 ) + ±a 4 A b 7 

-\F A A*F A -\A 3 AdA 3 AdA 3 . (2.2.5) 

Both the Riemann tensor and the torsion, 

R ab := doj ab — u ac A ojc , (2.2.6) 
T a := De a = de a - e b A oj b a (2.2.7) 

(where, in the last equation, D is the standard Lorentz covariant deriva- 
tive) enter the first order lagrangian, the earlier in the Einstein-Hilbert 
term (the first one in the r.h.s. of (2.2.5)) characteristic of any gravita- 
tional lagrangian. Together with the curvature of A 3 , these curvatures 
(2.2.6), (2.2.7) are the basic ingredients of the free differential algebra 
approach to D = 11 supergravity (see chapter 6). 

The derivative acting on the gravitino in its kinetic term, the second 
of (2.2.5), is again the Lorentz covariant derivative, 

Dtp a := di) a — ipP A cu^ , (2.2.8) 

now defined in terms of the spin connection, 

ivp a = \u ab {T ab )f , (2.2.9) 

taking values on so(l, 10), the Lie algebra of the double cover of the 
eleven-dimensional Lorentz group, Spin(l, 10), generated by T ab . 

Following [105] (see also [1, 7]), we have introduced in the lagrangian 
(2.2.5) the notation 

a 4 := ±V a A^Afgj , (2.2.10) 
b 7 := |^A^Afg , (2.2.11) 

for the bifermionic 4- and 7-forms built up from the gravitino, as well as 
the compact notation 

r$ := ^A...Ae«T fl ,.. aitt/3 . (2.2.12) 

Finally, *F 4 is the Hodge dual of F 4 , 

*F 4 := -^l. ai F a '- ai , (2.2.13) 
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and the (11 — /c)-form 

has been introduced for convenience 9 . 

As for the symmetries of the action, it should be noted that the usual 
general covariance of any gravitational action is implemented in this for- 
malism by using differential forms to write the lagrangian (2.2.5). Local 
Lorentz symmetry is also straightforwardly implemented in the vielbein 
approach. The action is also invariant under abelian gauge symmetries 
of the three- form ^3, and locally supersymmetric, as we now discuss. 

2.3 Supersymmetry and generalized holonomy 

The action (2.2.3), (2.2.5) is locally supersymmetric, i.e. it is invariant 
under the following local supersymmetry transformations 5 e parameter- 
ized by a fermionic Spin(l, 10)-spinor parameter e(x): 

5 t e a = -2i^ a T a a ^ , (2.3.1) 
b^ a = Ve a (x) , (2.3.2) 

M3 = #*Arg/, (2.3.3) 

besides more complicated expressions for 5 e uj ab and 5 e F a t, c d, which can 
be found in [105] and that will not be needed below. Let us stress that, 
as shown in [105], the supersymmetry transformation rules of the phys- 
ical fields are the same in the second and in the first order formalisms. 
The transformations (2.3.1)-(2.3.3) have the usual form expected from 
supersymmetry: the bosonic fields e a and A3 transform into the (only, in 
this case) fermionic field ip a which, in turn, transforms into e a and ^3 
(included, on shell, inside the supercovariant derivative V: see below). 
Precisely, the transformation (2.3.2) in terms of the supersymmetric co- 
variant derivative T> is characteristic of locally realized supersymmetry, 
and allows for an interpretation of the gravitino as the gauge field of local 
supersymmetry. 

The introduction of the generalized covariant (or supersymmetric co- 
variant, or supercovariant) derivative T> allows for a simple expression for 
the transformation rule (2.3.2) of the gravitino under supersymmetry. It 
can be written explicitly as 

5 t ip a = Ve a {x) := De a (x) - (P{x)tp a {x) = 

= de a (x)-e^( y x)n (3 a (x) , (2.3.4) 



See [1] for the correspondence of this notation to that of [105]. 
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in terms of the generalized (or supersymmetric) connection one-form 

^/3 a = l^ ab ^ab/3 a + I3ie a (T a b 1 b 2 b 3 b 4 /3 a + 8 6 a [ bl I^^] (f) F^ 2 ^ 4 , 

(2.3.5) 

that differs from the spin connection = \uJ ab T ab p a (equation (2.2.9)) 
by the additional tensor one-form 

H a = ^a bl b 2 b 3 b 4l 3 a + 8 S a[bl T b2b3bi]f3 a ) F b ^ b \ (2.3.6) 

depending on the auxiliary form F4 (which, on-shell, reduces to the su- 
percovariant field strength of A3; see equation (2.4.4) below). 

A connection one-form takes values on the Lie algebra Q of the struc- 
ture group G of a fiber bundle (see, e.g. [40]). The spin connection uia 13 , for 
instance, takes values on the Lie algebra so(l, 10) of the structure group 
Spin(l, 10) of the spin bundle on eleven-dimensional spacetime M 11 . It 
is, therefore, natural to ask what is the generalized structure group, on 
the Lie algebra of which the generalized connection f2 Q ^ takes values [78]. 
To this end, notice that when F4 = then toP = 0, and the generalized 
connection (2.3.5) reduces to the so(l, 10)-valued spin connection (2.2.9). 
But, in general, F4 / and t a ^ , as defined in (2.3.6), is non- vanishing. In 
this case, the presence of additional Dirac matrices makes the generalized 
connection to take values not on so(l, 10), but on the whole C7(l, 10)+ 
generated by the antisymmetrized products of Dirac matrices in (2.1.6), 
namely, {I 32 , T^, T^, rW, T^}. The dimension of the relevant even 
part Cl(l, 10)+ of the Clifford algebra is 

*-^^-C. , ) + C. , ) + (V) + C. l ) + Cf) + C. , )- u "- 

(2.3.7) 

The problem can still be analyzed in terms of Lie algebras, though. 
In fact, when Cl(l, 10)+ is endowed with the usual Lie bracket pro- 
vided by matrix commutation, [A, B] = AB — BA, it coincides with 
5/(32, R), the Lie algebra of the general linear group GL(32, R), of dimen- 
sion dim 5/(32, R) = 32 2 = 1024. The Lie algebra so(l,10), generated 
by rt 2 l, on which the spin connection (2.2.9) takes values, is a subalge- 
bra of 5/(32, R). Similarly, one may wonder what is the Lie subalgebra 
of 5/(32, R) on which the generalized connection Q a @ takes values. An 
explicit computation reveals that the generators {T^ , , T^} defining 
Qa 13 in equation (2.3.5) do not close into a Lie algebra by themselves, 
and that the presence of {T^^rW} (not that of I32) is also required to 
ensure closure under commutation [87]. In conclusion, the generalized 
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connection takes values on the 1023-dimensional Lie subalgebra of 
gl(32,M.) spanned by its traceless generators, 



These are the generators of sZ(32,R), the Lie algebra of 5L(32,R) which 
is, therefore, to be interpreted as the generalized structure group of D = 11 
supergravity [87]. 

A remark about terminology is now in order. The local symmetry 
of I? = 11 supergravity is not 51,(32, R); as mentioned in the previous 
section, it is only 50(1,10). In this sense, the generalized connection 
Vt a ^ as defined by equation (2.3.5) may be said not to be a bona fide 
connection. However, it reduces to the spin connection when F4 = and, 
in a sense, generalizes it when F4 is non-vanishing. Moreover, the role 
played by the Riemannian holonomy of the spin connection uj a ^ in the 
classification of purely geometrical supersymmetric bosonic solutions of 
supergravity (for which the metric is the only non-vanishing field) can be 
taken over by its generalized counterpart fla 13 when F4 is turned on [78, 
73, 87] (see chapter 3). This adds further reasons to call Q,^ generalized 
connection. 

Pushing this analogy further, the curvature two-form of the general- 
ized connection f^oA 



can be introduced, and consequently referred to as the generalized cur- 
vature 10 . In general, the curvature two-form of a connection w takes 
values on a subalgebra H = hol(w) of the Lie algebra Q of the struc- 
ture group G. The corresponding group H = Hol(w) is a subgroup of 
G and is called the holonomy group (of the connection w); its corre- 
sponding Lie algebra hol(w) will sometimes be called the holonomy alge- 
bra. Accordingly, the generalized holonomy group Hol(17) [78] (see also 
[73, 87, 94, 107, 108, 109, 110, 95, 2, 3] 11 ) is the subgroup of 5L(32,R) on 
the Lie algebra of which the generalized curvature TZ a ^ takes values. In 
general, however, the curvature at a point does not determine completely 
the Lie algebra of the holonomy group, but its successive covariant deriva- 
tives are needed to determine it (see, e.g. [112]). Generalized holonomy 
is no exception [2], as shown in chapter 3. See also section 3.1 for the 

10 A full expression for the generalized curvature TlJ 3 corresponding to purely bosonic 
solutions of CJS supergravity can be found in [106, 80]. 

11 See [111] for the role of generalized holonomy when vanishing F4 is considered but 
higher order corrections to the supergravity equations of motion are taken into account. 



{r [1] ,r [2] ,r [31 ,r [4] ,r [51 } . 



(2.3.8) 



Hp" := dQfs a - fV A n ~/ a 

= -^R (IT \b)a^ + Dt a — toP A , 



(2.3.9) 
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role of generalized holonomy in the determination of the number of su- 
persymmetries preserved by a bosonic solution of supergravity. 

2.4 Equations of motion 

Algebraic equations 

Let us return to the analysis of the first order action of D = 11 super- 
gravity, to obtain the equations of motion. The variations of the ac- 
tion (2.2.3), (2.2.5) with respect to the Lorentz connection u) ab and the 
auxiliary four-form F 4 give algebraic constraints that can be used to de- 
fine these auxiliary fields in terms of those of the supergravity multiplet 
(2.2.1). Indeed, from the variation of (2.2.3), (2.2.5) with respect to the 
Lorentz connection, 

= K£ A (T c + A I*,) = , (2.4.1) 
the torsion is seen to be given by 

which, upon use of its definition (2.2.7), gives an algebraic equation for 
the Lorentz connection u ab , which allows us to solve for it in terms of the 
vielbein and the gravitino. 

On the other hand, the variation of the action with respect to F 4 , 

S F S = I (dA 3 -a 4 - F 4 ) A *5F 4 = 

= - i / (dA 3 - 04 - F 4 ) A < 7 .. a4 5F a ^ , (2.4.3) 

produces an algebraic equation of motion, 5S/5F 4 = 0, that makes of F 4 
the 'supersymmetric' field strength of A3, 

dA 3 = a 4 + F 4 . (2.4.4) 

Making use of the expressions (2.4.2) and (2.4.4) for the torsion T a and 
four- form F 4 into the first order lagrangian (2.2.5), the original second 
order CJS lagrangian [27] is recovered. 

Dynamical equations 

The variation of (2.2.3) with respect to the rest of the fields yields the 
dynamical equations of motion: the Einstein equations (arising from the 
variation with respect to e a ), the (generalization of the Maxwell) equation 
for A3 and the Rarita-Schwinger equation for the gravitino ip a . 
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The explicit form of the Einstein equations, 

M 10a :=R bc Ae^ c + ... = 0, (2.4.5) 

will not be needed in the remainder, so we will not be concerned with 
it 12 . The variation of the action with respect to the three- form A 3 , 



I Gs/\5A 3 , ^--=G8, (2.4.6) 



gives the eight-form 

Gs = d(*F 4 + b 7 -A 3 A dA 3 ) , (2.4.7) 
and thus the equation of motion of A3 is 

g 8 = d(*F 4 + b 7 -A 3 A dA 3 ) = . (2.4.8) 

Finally, the fermionic variation of the lagrangian (2.2.5) reads (cf. 
[105]) 

S^Cn = -2V^ a A f $ A Sip? + i{dA 3 - 04 - F A ) A Af A 5^ 
+ (*«r$ + h a A f A (T a + # Q A ^ r^) A ^ A 5^ 
A fjj A J^l , (2-4.9) 



-d 



where i a is defined by i a e b = 5 b a so that, for a p = p \e ap A . . . A e ai a ai ,,, ap , 
i a a p = j^ L W e ap A...Ae fl2 a fla ,.. flp . (2.4.10) 

Imposing the algebraic constraints (2.4.2) and (2.4.4) and ignoring the 
total derivative term, equation (2.4.9) gives the gravitino equation of [27] 
written, as in [105], in differential form, 

* 10 ^:=PV a Af2j = 0, (2.4.11) 
in terms of the supercovariant derivative 

Vif; a := d4> a - A n p a = Di) a — ipP A t p a , (2.4.12) 
defined for the generalized connection (2.3.5). 



'See [105] for the explicit expression of the Einstein equation in this formalism. 
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2.5 The purely bosonic limit 



For many applications, it is interesting to consider the purely bosonic 
limit of D = 11 supergravity in which the gravitino vanishes, V" = 0. A 
torsion-free spacetime is then recovered (see equation (2.4.2)), described 
by the Einstein equations (2.4.5) which, in this limit, reduce to 

Eab := -R-iCaft — 3-^aciC2C3-^6 1 2 3 + ^f] a i,F ClC2C3C4 F 3 4 = , (2.5.1) 

where Ric a (, is the Ricci tensor. The equation of motion (2.4.8) of ^3 
reduces to 



g 8 = d * F 4 - F 4 A F 4 = . (2.5.2) 

The four-form F4 that enters both (2.5.1) and (2.5.2) reduces, by virtue 
of the algebraic constraint (2.4.4), to the field strength of A3, F4 = dA^; 
consequently, it is subject to the Bianchi identity 

dF 4 = . (2.5.3) 

Interestingly enough, these bosonic equations are encoded in the gen- 
eralized curvature TZ a ^ of the generalized connection now still given 
by equations (2.3.9) and (2.3.5), respectively, but setting ip a = (and, 
consequently, F4 = 0IA3) in them. With these restrictions, obeys 
[80, 3] 

KT a ._ ■ 7pa — _l p bf> Y C1C2C ' A 13 + ip a K uT b 13 

+_*_ e * [dF 4 ] bl ... b5 (r a ^- 6 « + lOStT* 2 "^)^ , 

(2.5.4) 

where E ab , 9$ are the r.h.s's of the Einstein and the gauge field equations 
as defined in (2.5.1), (2.5.2) and i a is defined in (2.4.10); in particular, 
iaR-cP = ^T^aboP ■ The equality (2.5.4) implies that the set of the free 
bosonic equations for CJS supergravity, (2.5.1), (2.5.2), (2.5.3), is equiva- 
lent to the following simple equation for the generalized curvature (2.3.9), 
e b ft abc JlV = 0, or 

i a TZ^ TV 3 = , (2.5.5) 

since the r.h.s. of equation (2.5.4) is zero on account of the equations of 
motion (2.5.1), (2.5.2) and the Bianchi identities for F4 (equation (2.5.3)) 
and for the Riemann tensor, Rb[ Cl c 2 c 3 ] = 0- 
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Especially relevant are those solutions of the purely bosonic equations 
(2.5.1), (2.5.2), (2.5.3) of D = 11 supergravity preserving some supersym- 
metry (see section 3.1 of chapter 3 for the conditions that a purely bosonic 
supergravity solution must meet in order to preserve supersymmetry). In 
eleven dimensions, supergravity displays the maximum amount, 32, of su- 
persymmetries permitted (see section 2.1) and hence, a supersymmetric 
bosonic solution of D = 11 supergravity preserves a number k of super- 
symmetries between 1 and 32. A supersymmetric solution can be referred 
to by the fraction of preserved supersymmetry as a v = k/32 solution. 

The v = 1/2-supersymmetric solutions are usually regarded as the 
basic solutions of D = 11 supergravity 13 . These are the M-wave [77], the 
Kaluza-Klein monopole [113, 114, 100] and the elementary brane solu- 
tions, namely, the M2-brane [73] and the M5-brane [74] (the existence of 
an M9-brane has been conjectured in [102, 100]). See also [64, 75] and 
references therein. The M2-brane solution 14 solves the Einstein equation 
E a b = %ib ~ TjVabTc with a singular energy-momentum tensor density 
source 7^ oc 5 3 (x — x(£)) (£(£) being pulled-backed on the M2-brane 
worldvolume, parameterized by coordinates £). The gauge field equation 
also receives a singular source contribution J§ in the r.h.s., Q$ = J§, sim- 
ilar to that of the electric current to the r.h.s. of Maxwell equations. In 
this sense, the M2-brane carries a supergravity counterpart of the electric 
charge in Maxwell electrodynamics (see [115] for a discussion). The other 
basic u = 1/2 brane solution of D = 11 supergravity, the M5-brane, is 
a counterpart of the Dirac monopole, i.e. of the magnetically charged 
particle. It is characterized by a modification of the Bianchi identities 
(equation (2.5.3)) with the analogue of a magnetic current in the r.h.s., 
dF A = J 5 . 

Intersecting branes preserve less than one-half of the maximum su- 
persymmetry, i.e., they correspond to v < 1/2 supergravity solutions 
[76]. On the other hand, there also exist maximally supersymmetric so- 
lutions (y = 1) preserving, thus, all 32 supersymmetries. Four solutions 
exhaust the complete list of v = 1 solutions of D = 11 supergravity [109]: 
eleven-dimensional Minkowski space, the compactifications AdS± x S 7 , 
AdSj x S* 4 [32, 116] on round-spheres and the pp-wave of [117]. In spite 
of the fact that the supersymmetry algebra allowed, in principle, for all 
the fractions v = k/32, k = 1, . . . , 32, to be preserved [118], no explicit 
solutions (other than those maximally supersymmetric) preserving more 

13 On the other hand, states with v = 31/32 (BPS preons [83]) can be argued, on 
purely algebraic grounds, to be fundamental in M Theory: see sec. 4.1 of chapter 4. 

14 Scc equations (3.3.10) and (3.3.1) of chapter 3 for the expressions of the metric and 
four- form corresponding, respectively, to the M2- and M5-brane solutions of D = 11 
supergravity; that section, 3.3, also discusses the generalized holonomy of these brane 
solutions. 
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that v = 1/2 were known for some time. Solutions with extra super- 
symmetry were found indeed as pp- waves [119, 120, 121, 122] or Godel 
universes [123, 124], preserving k = 18,20,22,24,26 and (in IIB super- 
gravity) 28 supersymmetries. 

Since the supergravity multiplet is the only one without higher spin 
fields in D = 11, no usual field-theoretical matter contribution to the 
r.h.s.'s of the equations of motion (2.5.1), (2.5.2), (2.5.3) may appear. 
Modifications to the equations might arise, however, not only due to the 
presence of the branes just mentioned, but also if higher order correc- 
tions to the curvature [125, 126, 127, 111] (a counterpart of the string a' 
corrections [128] in D = 10) are taken into account. These corrections 
should have an M Theoretical interpretation. 



2.6 Equations of motion and generalized curvature 

Let us now return to the general case of non-vanishing gravitino, ip a ^ 0, 
and show that there exists a counterpart of equation (2.5.5) collecting 
the equations of motion of the bosonic fields in terms of the generalized 
curvature [1]. The gravitino equation of motion (2.4.11), Vl/io = 0, is 
expressed in terms of the supercovariant derivative V of ip a (equation 
(2.4.12)), defined in terms of the generalized connection £l a P (equations 
(2.3.5), (2.3.6)). As a result, the integrability/selfconsistency condition 
for equation (2.4.11) may be written in terms of the generalized curvature 
TloP of equation (2.3.9). Using Wip a = -^ATlf and 15 t 1[/3 7 aF (8) a]7 = 

which implies Vffl = DT ( ^ = T a A i a f ®, we obtain 



VV 10 a = A (T a + itp A ipr a ) A i a tf a - 

a a e&rS + a r a e^.. (l4 rt a2a3 r; 4 7 1 



= . 
(2.6.1) 



The first term in the second part of equation (2.6.1) vanishes due to 
the algebraic constraint (2.4.2). Hence on the surface of constraints, the 
selfconsistency of the gravitino equation is guaranteed when [1] 

M10 af3 := A e &r£ + Atp 1 A C^r^r^ 1 = . (2.6.2) 

As it will now be shown, equation (2.6.2) collects all the equations of mo- 
tion of the bosonic fields, (2.4-5), (2.4-8), and the corresponding Bianchi 
identities for the A3 gauge field and for the Riemann curvature tensor [1]. 
Equation (2.6.2) is, thus, the counterpart of equation (2.5.5) when the 



5 This follows from direct calculation: t 1 a J A = -|F 4 A + \ * F 4 A r^. 
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gravitino is non-vanishing. Let us stress that we distinguish between the 
algebraic equations or constraints (equations (2.4.2) and (2.4.4)) from the 
true dynamical equations ((2.4.5), (2.4.8)) and that our statement above 
refers to the dynamical equations; thus it is also true for the second order 
formalism. 

To show this it is sufficient to use the second Noether theorem and/or 
the fact that the purely bosonic limit of (2.6.2) implies equation (2.5.5), 
which is equivalent to the set of all bosonic equations and Bianchi iden- 
tities when ip a = 0. According to the second Noether theorem, the local 
supersymmetry under (2.3.1)-(2.3.3) reflects (and is reflected by) the ex- 
istence of an interdependence among the bosonic and fermionic equations 
of motion; such a relation is called a Noether identity. Furthermore, since 
the local supersymmetry variation of the gravitino (2.3.2) is given by the 
supercovariant derivative Ve a , the gravitino equation $! a should enter 
the corresponding Noether identity through V^ a . Thus, V^ a should be 
expressed in terms of the equations of motion for the bosonic fields, in 
our case including the algebraic equations for the auxiliary fields. Hence, 
due to the equations (2.6.1), (2.4.2), the l.h.s. of equation (2.6.2) vanishes 
when all the bosonic equations are taken into account. 

Indeed, schematically, ignoring for simplicity the purely algebraic 
equations and neglecting the boundary contributions, the variation of 
the action (2.2.3), (2.2.5) (considered now in the second order formalism) 
reads 

5S= [ (-2*i 0a A# a + g 8 ASA 3 + M 10a A5e a ) . (2.6.3) 

For the local supersymmetry transformations S e , equations (2.3.1)~(2.3.3), 
one finds, integrating by parts 

SeS = [ (-2* ioa A Ve a + G 8 A S e A 3 + M Wa A 5 e e a ) = 
Jm 11 

- - / (-2VV 10a -5 8 A^A fg + 2iM 10a A Y/^J e a = . 
Jm 11 

(2.6.4) 

Since 5 e S = is satisfied for an arbitrary fermionic function e a (x), it 
follows that 

V* Wa = A (-2^ a M 10a + G s A f g>) . (2.6.5) 

By virtue of equations (2.6.1) and (2.6.5), and after the algebraic 
equations (2.4.2), (2.4.4) are taken into account, 

M w aP := A e&n* 5 + iV^ A ^ A e£..^r&^rjj = 
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= -3i(-2ir^Mi 0a + &Ar<g) . (2.6.6) 

It then follows that the equation of motion for the bosonic fields (2.6.2), 
■Mio a/3 = 0, is satisfied, 

V A e&I% = -iDtf A r A e^... a4 r£ a2a3 r^ , (2.6.7) 

after the dynamical equations (2.4.5), (2.4.8) are used. Getting rid of the 
vielbein forms, the equation (2.6.2) (or (2.6.7)) can be written in terms 
of the components TZaba^ {T^4 ! )ab a of the two-forms 1Z a P , Ui[) a , 

TlJ = \e h A e a U ab J , (2.6.8) 
V4> a = \e b A e a (Vi;) ab a , (2.6.9) 



as 

n bcc ^T ahc ^ = Ai{{V^) bc ^ abc ) p (Vvrta • (2.6.10) 

Equation (2.6.6) also shows what Lorentz-irreducible parts of the con- 
cise bosonic equations M\o a i3 = coincide with the Einstein and with 
the 3-form gauge field equations. These are given, respectively, by 

M Wa = -^2tr(r a M 10 ) , (2.6.11) 
Gs A e a A e b = ±ti(T ab M 10 ) . (2.6.12) 

All other Lorentz-irreducible parts in equation (2.6.2), MiQ a p = 0, are 
satisfied either identically or due to the Bianchi identities that are the 
integrability conditions for the algebraic equations (2.4.2), (2.4.4) used in 
the derivation of (2.6.6). 

In conclusion, we have proven that equation (2.6.2) collects all the 
dynamical bosonic equations of motion in the second order approach to 
supergravity. To see that it collects all the Bianchi identities as well, one 
may either perform a direct calculation or study its purely bosonic limit. 
The latter way is simpler and it also provides an alternative proof of the 
above statement as we now show. 

For bosonic configurations, Y> Q = 0, equation (2.6.2) reduces to 

VAe^ c r 7 t = 0. (2.6.13) 

Decomposing TZ a ^ on the vielbein basis as in (2.6.8), equation (2.6.13) 
implies 

K ab ^T* b a c = 0. (2.6.14) 
Contracting (2.6.14) with T" 5 one finds 

K ab ^T ab ^ = 0. (2.6.15) 
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Then, contracting again with the Dirac matrix and using T ab T^ = 
T ab d + 2T^ a 5d b ^ as well as equation (2.6.14), one recovers equation (2.5.4), 
Naf3 a = 0, namely, 



Since (2.6.16) collects all the bosonic equations of D = 11 CJS supergrav- 
ity as well as all the Bianchi identities in the purely bosonic limit [80, 3], 
ip a = 0, the equivalence of equations (2.6.16) and (2.6.13) will imply that 
M-io a/3 = 0, equation (2.6.2), does the same for the case of non-vanishing 
fermions, ip a ^ [1]. 

The Bianchi identities R a \h c d\ = and dF^ = appear as the irre- 
ducible parts tr(r ciC2C3 A/'a) and tr(r ci ... C5 A/"a) of equation (2.5.4) [1]; more 
precisely, in the later case the relevant part in J\f a is proportional to 
[^4]6i...6 5 (r o 6l "" 6s + 10<5 a [ 6i r b2 " bs l), but the two terms in the brackets 
are independent. Knowing this, one may also reproduce the terms that 
include the Bianchi identities in the concise equation (2.6.7) (equivalent 
to (2.6.10) or (2.6.6)) with a non-vanishing gravitino. 




= e b K ab fT™ = . 



(2.6.16) 
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Subtleties about generalized holonomy 



The generalized holonomy of some solutions of eleven-dimensional super- 
gravity is reviewed in this chapter. It is done by paying particular atten- 
tion to a feature of holonomy already mentioned in section 2.3, namely, 
that covariant derivatives of the curvature might be needed to define the 
Lie algebra of the holonomy group. In section 3.1, the supersymmetry 
transformations discussed in general in chapter 2 are particularized for 
purely bosonic solutions of supergravity. The Killing spinor equation that 
results as a consistency condition from the vanishing of the gravitino vari- 
ation is presented and the usefulness of the integrability conditions of the 
equation exhibited. These (first order) integrability conditions are related 
to the generalized curvature. In section 3.2 it is argued that ordinary, first 
order integrability is in general not enough to characterize the holonomy, 
and that iterated commutators of the supercovariant derivatives may be 
needed to properly define the holonomy algebra. 

To check for possible consequences of the higher order integrability 
conditions, the generalized holonomy of the usual M-branes is reviewed 
in section 3.3. It is found that, in these cases, successive commutators of 
the supercovariant derivatives only help to close the algebra obtained at 
first order (the curvature algebra) and that successive commutators do not 
add significant information. The situation is, however, different for other 
supergravity solutions: as section 3.4 shows, second order integrability 
conditions are necessary to compute the generalized holonomy of Freund- 
Rubin compactifications. Knowledge of the embedding of the generalized 
holonomy group in the generalized structure group is, moreover, needed 
to determine correctly the number of preserved supersymmetries. Some 
details are relegated to Appendix A. 

This chapter follows closely reference [2], and uses the conventions 
therein. In particular, we temporarily resort to a mostly plus metric gMN, 
M,N,..., denoting eleven-dimensional spacetime indices (/x, u, . . . , and 
a, b, ... , will be reserved for lower dimensions) . With these conventions, 
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the generalized connection (2.3.5) will be denoted £Im and its associated 
supercovariant derivative will act from the left and will be defined as 

V M = d M + \n M = D M - ^(T M NPQR - 85 M T p Q R )F NPQR , (3.0.1) 

where Dm denotes the Levi-Civita covariant derivative associated to the 
spin connection ujm- The purely bosonic equations of motion (2.5.1) and 
(2.5.2) will read in this chapter: 

Ricjv/TV = J? {FmpqrF n pqr - ^9mnF pqrs F pqrs ) , (3.0.2) 
d* F A + \F A f\F A = 0. (3.0.3) 

Spinor indices will be omitted and derivatives will act from the left. 



3.1 Killing spinors, holonomy and supersymmetry 

For purely bosonic supergravity solutions, ipM = 0, the supersymmetry 
transformations simplify considerably. The bosonic fields, e a and A3, of 
such a solution are clearly invariant under supersymmetry, 

5 e e a = , (3.1.1) 
S £ A 3 = , (3.1.2) 

since their transformation rules, (2.3.1) and (2.3.3), respectively, are pro- 
portional to a vanishing gravitino. On the other hand, the invariance of 
the bosonic solution under supersymmetry implies, in particular, that the 
solution cannot change its bosonic character after the transformation, i.e., 
that no gravitino is generated by the transformation. This amounts to 
requiring that the variation (2.3.2) of the gravitino under supersymmetry 
also vanishes. Namely, with the convention of (3.0.1), 

5^ M = V M e = . (3.1.3) 

It should be remarked that the expression (3.1.3) is not an identity, 
since the non-trivial character of the transformation of the gravitino, 
equation (2.3.2), will not allow for it to be identically satisfied for any 
spinor field e. Equation (3.1.3) is, instead, a consistency requirement 
and only the spinors e solving the equation will parameterize unbroken 
super symmetries. The equation (3.1.3) is usually called Killing spinor 
equation, and its solutions, Killing spinors. The number k of preserved 
super symmetries of a bosonic supergravity solution is, thus, given by the 
number of Killing spinors 1 ej, J = 1, . . . ,k. 



1 In lower dimensional supergravities, or in compactifications of D = 11 super- 



3.1 Killing spinors, holonomy and supersymmetry 



37 



In a fiber bundle, the notions of constancy with respect to the covari- 
ant derivative, invariance under parallel transport and invariance under 
the holonomy group come down to the same thing (see, e.g. [112]): in 
fact, the holonomy group is a measure of how vectors and tensors on the 
fiber transform under parallel transport around a closed loop at a point. 
Let us momentarily set F4 = 0, so that, since we are dealing with bosonic 
supergravity solutions (i(jm = 0), the only non- vanishing field is the met- 
ric; these configurations therefore correspond to purely geometrical solu- 
tions, to which the results of Riemannian geometry can be applied. In 
this case, the supercovariant derivative T>m (equation (3.0.1)) acting on 
spinors reduces to the covariant derivative associated to the Levi-Civita- 
induced spin connection Dm (see (2.2.9)) taking values on the Lie algebra 
so(l, 10) of the tangent space group SO(l, 10) (the structure group). The 
Killing spinor equation (3.1.3) accordingly reduces to 



Unbroken supersymmetries of purely geometrical supergravity solutions 
are, thus, parameterized by spinors parallel with respect to the spin con- 
nection (that is, satisfying (3.1.4)). Riemannian holonomy controls in this 
case the number of solutions to the equation (3.1.4) and, consequently, the 
number of preserved supersymmetries: solutions to (3.1.4) exist if, and 
only if, the spinor representation 32 of the structure group SO(l, 10), to 
which the spinor e belongs, is not only reducible under the Riemannian 
holonomy group Hol(o>), but also the identity representation arises in the 
decomposition of the 32 of SO(l, 10) under Hoi (a;). The number k of 
times that the identity shows up in this decomposition (i.e., the number 
of singlets in this decomposition) corresponds to the number of invariant 
spinors ej, J = 1, . . . , k, under the action of Hoi (a;). These are the spinors 
invariant under parallel transport and, thus, satisfying equation (3.1.4). 

A heuristic argument can be given to support this result. A simpler 
equation for the parallel spinors is obtained if (3.1.4) is further differen- 
tiated, 



From the computational point of view, this (first order) integrability con- 
dition of the spinor equation (3.1.4) is more convenient, because it is only 

gravity, further spin 1/2 fermions might exist, their supersymmetry transformations 
being algebraic, instead of differential, in e. In these cases, the invariance of purely 
bosonic solutions under supersymmetry requires that the variation of these fermions 
also vanishes, setting further algebraic constraints on the parameters ej if they are to 
parameterize preserved supersymmetries. We shall not encounter this situation in our 
discussion. 



D M e = . 



(3.1.4) 



[D M ,D N ]e = 0. 



(3.1.5) 
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algebraic, whereas (3.1.4) is differential in e. The commutator [Dm,Dn] 
of two Levi-Civita covariant derivatives is proportional to the Riemann 
tensor which, according to the Ambrose-Singer theorem [129] (see also 
[130]), determines the Lie algebra of the holonomy group. Obviously, 
equation (3.1.5) is only necessary for equation (3.1.4); however, for the 
relevant cases usually encountered in supergravity (including vanishing- 
flux compactifications) , it is also sufficient 2 . The spinors solving equation 
(3.1.5) and, hence, invariant under the holonomy group, solve the equa- 
tion (3.1.4) and correspond to preserved supersymmetries. 

Notice that the existence of parallel spinors imply a holonomy reduc- 
tion: the generic holonomy of a Riemannian manifold coincides with the 
structure group SO(l, 10). If parallel spinors exist, only when Hoi (a;) C 
SO(l, 10) with strict inclusion, the spinor representation can be reducible 
under HoI(oj). Riemannian holonomy groups have been classified by 
Berger [131] in the Euclidean case, such classification having been par- 
tially extended to the Lorentzian case by Bryant [132]. 

Let us now return to the case of non-vanishing four-form, ^ 0. This 
is the generic case in supergravity and, in fact, the presence of F4 allows 
for supergravity solutions preserving exotic fractions of super symmetry. 
As already discussed, the preserved supersymmetries of a bosonic solu- 
tion when F4 7^ are now parameterized by the Killing spinors solving 
the Killing spinor equation (3.1.3). The relevant covariant derivative is 
not any longer the Levi-Civita covariant derivative, but the supercovari- 
ant derivative (3.0.1) associated to the generalized connection VIm taking 
values on the Lie algebra of the generalized structure group ST (32, R) 
[87] (see section 2.3). The presence of F4 terms in the super covariant 
derivative does not hamper, however, an analysis of the Killing spinor 
equation similar to that of its Riemannian counterpart. Again, the (first 
order) integrability condition of (3.1.3), 



is an algebraic, rather than a differential, equation for the Killing spinors. 
The commutator Mmn = [T^m,T^n] of supercovariant derivatives now 
defines the generalized curvature 1Z (in fact, Mmn contains the same 
information than equation (2.3.9)) taking values, again by the Ambrose- 
Singer theorem [129], in the Lie algebra hol(f2) of the generalized holon- 
omy group. The proposal was then put forward in [78] (see also [73]) 
that the role of Riemannian holonomy in the determination of unbroken 
supersymmetries of a supergravity solution with non-vanishing F4 was 

2 Were (3.1.5) not sufficient for (3.1.4), the holonomy argument would keep on be- 
ing correct: further integrability conditions would then be needed to determine the 
holonomy (see next section). 



M MN e = [V M ,V N }e = , 



(3.1.6) 
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taken over by generalized holonomy. In particular, in analogy with the 
purely geometrical, Riemannian case, the number of Killing spinors and, 
thus, the number of preserved supersymmetries of a purely bosonic solu- 
tion of eleven-dimensional supergravity ought to be given by the number 
of singlets in the decomposition of the 32 representation of the gener- 
alized structure group (5L(32,R) [87]) under the generalized holonomy 
group Hol(fi) [78, 73]. Notice that this argument does not apply to hy- 
pothetical preonic (31/32-supersymmetric) solutions [83], for which both 
the 31 unbroken supersymmetries and the only broken one are singlets. 
See [94, 107, 108, 109, 110, 2, 95, 3, 111] for further discussion about 
generalized holonomy. 

Two remarks are in order. Firstly, both in the Riemannian and the 
generalized cases, the relevant structure and holonomy groups can be 
smaller: this is the case, e.g., in compactification. In this case, the rele- 
vant representations of these groups are involved in the supersymmetry 
counting (see section 3.4 for an example). Secondly, spinors are assumed 
to be globally defined on the manifolds we are dealing with; namely, 
the manifolds M fulfilling the Einstein equations (3.0.2) (or (2.5.1) with 
the notation of chapter 2) are endowed with a spin structure 3 and, con- 
sequently, fulfil the topological restriction of having vanishing Stiefel- 
Whitney class (see [29] and references therein) . The promotion of spinors 
from the (spinor representation) 32 of 50(1, 10) to the (fundamental 
representation) 32 of 5L(32,R) may encompass the loss of the infor- 
mation contained in the spin structure [134]. A different approach to 
deal with supersymmetric supergravity solutions, in which the spin struc- 
ture is naturally incorporated, is that of G-structures [79, 80] (see also 
[135, 136, 137, 138, 139]). The later approach has proved to be very useful 
to build up explicit supergravity solutions (see [134, 140] for reviews, and 
[141, 142] for G-structures in the context of flux compactifications). See 
[81] for another recent approach to deal with the Killing spinor equation. 

As in the Riemannian case, the presence of Killing spinors entails 
a generalized holonomy reduction: as shown in [107, 87], for a D = 
11 supergravity solution to preserve k supersymmetries, the generalized 
holonomy group must be such that 4 Hol(fi) C SL(32-k, R) x (R 32 " fc ® A 
® R 32 - fc ) = 5L(32 - k,R) k R fc ( 32 - fc ) or, from the Lie algebra point of 
view, 

hol(n) C sZ(32 - k,M) x (R 32 ~ fc © .*. © R 32 " fc ) , (3.1.7) 

where sZ(32 — k,M) acts on each of the k copies of R 32 ~ fc through the 

3 This could actually be a subtle issue: different spin structures on a manifold could 
yield different number of preserved supersymmetries [133]. 

4 That is also the case in Type II D — 10 supergravities [108]. 
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same, fundamental representation. The issue of classifying supersymmet- 
ric vacua may thus be mapped into one of classifying the generalized 
holonomy groups as subgroups of SX(32,R). An investigation of basic 
super symmetric configurations of M Theory was performed in [94] (see 
also [78, 87]), where a large variety of generalized holonomy groups were 
obtained. However, one of the striking results of the analysis of [94] was 
the fact that identical generalized holonomies may yield different amounts 
of supersymmetries. This shows that knowledge of the holonomy group is 
insufficient to fully classify the supergravity solution, and that knowledge 
of its embedding into the generalized structure group is also needed; in 
other words, knowledge of the decomposition of the 32-component spinor 
under Hol(f2) is also needed. 

3.2 Higher order integrability 

Being only algebraic in e, the (first order) integrability condition (3.1.6) 
is more convenient than the Killing spinor equation itself, (3.1.3), in or- 
der to determine Killing spinors for a particular supergravity solution. It 
might happen, however, that the integrability condition (3.1.6) were only 
necessary, and not sufficient, for the Killing spinor equation (3.1.3). That 
is indeed the case for Freund- Rubin compactifications [32] of D = 11 
supergravity, for which the preserved supersymmetry depends, in gen- 
eral, on the orientation chosen for the compactifying manifold (see [29]). 
Freund-Rubin compactification on the squashed seven-sphere (the coset 
space 50(5) x SU(2)/SU{2) x SU{2)) [30, 143], for instance, preserves 
N = 1 supersymmetry for one orientation (that can be referred to as left- 
squashing) while breaks it all for the other orientation (right-squashing). 
Accordingly, the Killing spinor equation (3.1.3) has solutions in the first 
case, but no solutions in the second one. And yet, both orientations share 
the same (first order) integrability condition (3.1.6) which is, therefore, 
not sufficient for (3.1.3). This issue can be resolved by going beyond first 
order integrability: successive covariant derivatives of equation (3.1.3) 
(i.e., higher order integrability conditions) can give a set of additional 
algebraic equations for e, sufficient for (3.1.3) [144]. 

This discussion can be put in a (generalized) holonomy context, by 
asking whether the Lie algebra generated by the curvature (expressed in 
the first order integrability condition (3.1.6)) agrees with the Lie algebra 
of the holonomy group. Actually, as shown in [94], in many cases the 
complete Lie algebra of Hol(O) was not obtained from first order integra- 
bility (3.1.6), so that in particular the algebra had to be closed by hand. 
This issue is rather suggestive that the generalized curvature at a local 
point carries incomplete information of the generalized holonomy group, 



3.2 Higher order integrability 



41 



in apparent violation of the Ambrose-Singer theorem (but in agreement 
with the issue of left- versus right-squashing of S 7 mentioned above). 
However, the Ambrose-Singer theorem really indicates that Hol p (f2) at a 
point p is spanned by elements of the generalized curvature (3.1.6) not 
just at point p, but at all points q connected to p by parallel transport 
(see e.g. [130, 112, 145]). Thus there is in fact no contradiction. Further- 
more, this is rather suggestive that satisfying higher order integrability 
(representing motion from p to q, an information encoded in the succes- 
sive covariant derivatives of the curvature) is in fact a necessary condition 
for identifying the proper generalized holonomy group [2]. 

In the remainder of this chapter, the interplay of higher order inte- 
grability and generalized holonomy will be explored, resorting to specific 
examples. We begin by revisiting the generalized holonomy of the M5 
and M2-brane solutions of supergravity, and show that higher order in- 
tegrability yields precisely the 'missing' generators that were needed to 
close the algebra. Other than this, however, the generalized holonomy 
groups for the M-branes identified in [94] are unchanged. Following this, 
we turn to the squashed S 7 [30, 143], where the situation is considerably 
different. 

The importance of higher order integrability was of course previously 
recognized in [144] for the case of the squashed S 7 . Here, we reinterpret 
the result of [144] in the language of generalized holonomy, and confirm 
the statement of [95] that while first order integrability yields the incorrect 
result hol^(fi) = G2 C so(7) C so(8), higher order integrability corrects 
this to hol(fi) = so±(7) C so(8), where the two distinct possibilities 
so(7)_ and so(7)+ arise from left- and right-squashing, respectively, and 
correspond to the two different embeddings of so(7) into so(8). Since the 
spinor decomposes as either 8 S — > 7 + 1 or 8 S — ► 8 in the two cases, this 
explains the resulting N = 1 or TV = supersymmetry in four dimensions 
[95, 2] (see section 3.4). 

Let us now introduce a convenient notation for the Lie algebra gen- 
erators associated to the n-th order integrability conditions. For the 
super covariant derivative (3.0.1) associated to the generalized connection 
fi, first order integrability (3.1.6) of the Killing spinor equation (3.1.3) 
yields the generators 

Mmn = \Pm{^>),T^n{^>)] = \{9m^n— 9n^m+i[^m-i fijv]) = \Hmn{®), 

(3.2.1) 

where 1Zmn(Q) is the generalized curvature, i.e., the curvature of f2 (see 
equation (2.3.9)). Higher order integrability expressions may be obtained 
by taking generalized covariant derivatives of (3.2.1). The corresponding 
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generators will be taken to be 



MmNiN 2 = [T^M,MNtN 2 ] 7 

Mmn 1 n 2 n 3 = \Pn, Mn 1 n 2 n 3 ] , 

MmNi N 2 N 3 N4, = \J^Mi N 2 N 3 Ni ] , 



(3.2.2) 
(3.2.3) 
(3.2.4) 



Higher order integrability conditions correspond to measuring the gen- 
eralized curvature 1Zmn(Q) parallel transported away from the original 
base point p. In this sense, the information obtained from higher order 
integrability is precisely that required by the Ambrose-Singer theorem in 
making the connection between Hol p (r2) and the curvature of the gener- 
alized connection. 

3.3 Generalized holonomy of the M-branes 

As examples of how higher order integrability may affect determination of 
the generalized holonomy group, we first revisit the case of the M5- and 
M2-brane solutions of supergravity. The generalized holonomy of these 
solutions, as well as several others, was originally investigated in [94]. 
For vacua with non- vanishing flux, including the brane solutions, it was 
seen that the Lie algebra generators obtained from first order integrabil- 
ity, (3.2.1), are insufficient for the closure of the algebra. In particular, 
additional generators must be obtained by further commutators. In [94], 
this was done by closing the algebra by hand. In the present context, 
however, additional commutators are readily available from the higher 
order integrability expressions, (3.2.2)-(3.2.4) [2]. 

3.3.1 Generalized holonomy of the M5-brane 

The metric and four-form corresponding to the M5-brane solution of D = 
11 supergravity are given by [74] 



where x' 1 , fi = 0,1,..., 5, are coordinates corresponding to the world- 
volume directions, y l , i = 1, . . . , 5, are transverse space coordinates and 
tijkim = ±1 is the Levi-Civita symbol, and H^(y l ) a function, in trans- 
verse space. Preservation of supersymmetry requires both the metric and 
four-form to be determined by the same function H§ which is, in turn, 
demanded to be harmonic by the equations of motion (3.0.2), (3.0.3). 



ds 2 n = H~ 1/3 {dx») 2 



+ H 2 5 /3 (dff, 



(3.3.1) 
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When acting on spinors, the generalized connection Qm defining the 
supercovariant derivative (3.0.1) for the solution (3.3.1) reads [94] 

% = n u ;K ui , ^ = -\8i In H 5 T^ + \^T jk , (3.3.2) 

where 

fi* = -lH^ l/2 5^d l lnH 5 , ftf = §<^d fe ] In # 5 , (3.3.3) 

and Tij , belong to the set 

Tij = TijP^ , = T^P^ , K^i = T^P^ , K^ij = T^ijP^~ , (3.3.4) 

of generators of a Lie algebra to be specified below (see equation (3.3.9)). 
In (3.3.2), T( M5 ) = ^e ijklm F^ klm and, in (3.3.4), P+ = 1(1 + r( M5 )) is 
the M5-brane 1/2-supersymmetry projector. The generalized connection 
fijn of (3.3.2) includes the generator r( M5 ) in addition to and K^. 
However, the connection itself is not physical and, in fact, the terms con- 
taining t( M5 ^ drop out from the expression of the generalized curvature 
(see below) and hence do not contribute to generalized holonomy. 

The integrability conditions of the Killing spinor equation (3.1.3), 
posed with the supercovariant derivative associated to the generalized 
connection (3.3.2) of the M5-brane, can now be discussed. The first order 
integrability of the Killing spinor equation provides the set of generators 
(3.2.1) corresponding to the Lie algebra of the generalized curvature. For 
the M5-brane solution, these generators read [94] 

AV = far = 0. 



M ■ = -V ■ 

= H'^ 
M- ■ = -V ■ ■ 

l J — 4 % 2 



\ {di& In H 5 - \di In H 5 &> In H 5 ) + ±6j (8 In H 5 ) 



Kfj,j, 



§ {did^ In H 5 - p l In H 5 8 [t In ff 5 )«S* - § (3 In H 5 ) 2 8^ ./ , , 

(3.3.5) 

Only the generators and show up in the expression for the Lie 
algebra (3.3.5) corresponding to the generalized curvature. As noticed in 
[94], the remaining generators and K^ij of (3.3.4) have to be obtained 
by closing the algebra defined by (3.3.5) 'by hand'. Alternatively, higher 
order integrability conditions, expressed as (3.2.2)-(3.2.4), can be used to 
obtain the remaining generators that ensure closure of the algebra [2]. 

In fact, the generators defining the second order integrability con- 
ditions, obtained for the M5-brane upon insertion of the corresponding 
generalized connection (3.3.2) into (3.2.2), take on the form [2] 

M^ x = M p ; uX K pi , M^i = \M^ vi T jk , M^j = M^K uk + hM%K v 
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M^ = 0, M lflj = M^K uk + \M^K ukU M ljk = \M l ™ k T lm , (3.3.6) 



where the component factors Mj MN are functions of H$ and its deriva- 
tives. For example, 



= M^ 3/2 [^ ln ^5^ ln ^5 " |^ln^ 5 (^ 5 ) 2 ]^[^A]' 

M %i = IH- 1 ^ \nH h did k] In H 5 - 5fd l InHrA^ hxH^ .(3.3.7) 



The other factors arising in (3.3.6) are similar and their explicit forms 
will not be needed. An additional generator K^j arises at second or- 
der through the expressions M^j = [D^,TZij] and Mj W - = [T>i,TZ^j] in 
(3.3.6). However, this does not still suffice to close the algebra. Pushing 
this procedure one step further into third order integrability (3.2.3), it is 
found that the generator arises through M k i^j = [V k , [Pj, TZ^j]]. The 
complete set of generators (3.3.4) is then obtained and, actually, no new 
generator is found beyond third order [2] . 

The generators (3.3.4) thus generate the Lie algebra hoiM5 of the gen- 
eralized holonomy group of the M5-brane [94]. The ( 2 ) = 10 generators 
Tij correspond to so(5), whereas the remaining 6 + 6 • 5 + 6 • (2) =96 
generators K^, K^, K^j in (3.3.4) span the abelian Lie algebra M 96 , on 
which so(5) acts semidirectly, i.e., through a 96-dimensional representa- 
tion. According to the general rule (3.1.7), as a supergravity solution 
preserving k = 16 supersymmetries, the M5-brane (3.3.1) must have its 
generalized holonomy in si (32 — k,R) x (M 32_fc © © M 32 ~ fc ), namely, 



The 96-dimensional representation of so(5) C s/(16, M) on R 96 must be, 
therefore, reducible into at most k = 16 copies of the same (reducible or 
irreducible) representation of dimension 32 — k = 16; thus, in this case, 
R 96 = (j|i6 6 R i6) c ( E i6 16 © R 16 ), where each of the six copies 
of M 16 carries the same 16-dimensional representation of so(5). This 
representation turns out to be further reducible into four 4-dimensional 
(spinor) representations 4 of so(5). Introducing the convenient notation 
M 4 ( 4 ) to denote this splitting of M 16 , the generalized holonomy algebra of 
the M5-brane solution of D = 11 supergravity (3.3.1) is then [94] 



For the M5-brane case, higher order integrability conditions just pro- 
vide the generators missing at first order, that can nevertheless be ob- 
tained by closing the generalized curvature algebra (defined by first order 
integrability) 'by hand'. In particular, higher order integrability condi- 
tions do not change the generalized holonomy (3.3.9) of the M5-brane, 
which remains the same as in [94]. 



hol M5 C s/(16,R) x (M 16 © A 6 . © M 16 ) . 



(3.3.8) 



hol M5 = so(5) x (M 4 ( 4 )ffi .?. © E 4 W) . 



(3.3.9) 
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3.3.2 Generalized holonomy of the M2-brane 

The analysis of the M2-brane is similar to that of the M5-brane. The 
supergravity solution corresponding to the M2-brane is given by [73] 

F^ pi = e^ p diH 2 \ (3.3.10) 

where x M , fi = 0, 1, 2, are coordinates corresponding to the worldvolume 
directions, y' 1 , i = 1, ... ,8, are transverse space coordinates and e^ up = 
±1. H 2 (y % ) is a harmonic function in transverse space. 

Denoting by P 2 + = ^(1 + T^ M2 ^) the 1/2-supersymmetry projector of 
the M2-brane, where T^ M2 ^ = ^e^pT^P , the following generators 

= Tjji-^ , K p i = r^ji-^ , Kpijk = r^jj^i-^ , (3.3.11) 

can be introduced in order to express the generalized connection of the 
M2-brane solution (3.3.10) [94]: 

fi„ = SVfKvi, SU = jdi \nH 2 T {M ^ + \^T jh . (3.3.12) 

Here, the components of are 

fi* = -|^ 2 " 1/2 ^^ In H 2 , Q{ k = l5\ j d k] lnH 2 . (3.3.13) 

The generators of the generalized curvature algebra corresponding to the 
M2-brane solution are again obtained through first order integrability of 
the Killing spinor equation (3.1.3), written for the supercovariant deriva- 
tive associated to the generalized connection (3.3.12). These generators 
are [94] 



M pv = \Kp, = 0, 

' r Q{did j In H 2 + 2<% In H 2 &> In H 2 ) - (d In H 2 ) 2 5{ 



M ■ = -V ■ 



- 1 H- 1 / 2 
~ 18" n 2 



±(^%lnF 2 - i^ln^ln^)^ - ^(dlni^) 2 ^ 



K 



(3.3.14) 

and include terms proportional only to the generators Tjj and K^i of 
(3.3.11). As in the M5-brane case, the closure of the algebra spanned by 
the generators (3.3.14) can be achieved either 'by hand' [94] or by working 
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out higher order integrability conditions [2]. The generators (3.2.2), cor- 
responding to the second order integrability conditions, when considered 
for the M2-brane solution have the general form [2] 



where the explicit form of their components along the generators (3.3.11) 
will not be needed. The generators M^j = [V^,TZij] and M^j = [Di^TZ^j] 
in (3.3.15) give rise to the additional generator K^j^ of (3.3.11) which, 
together with Ty and K^i generate the Lie algebra holjw2 of the gener- 
alized holonomy group of the M2-brane solution of D = 11 supergravity 



Since the M2-brane preserves k = 16 supersymmetries, 1io1m2 must be 
contained, by virtue of equation (3.1.7), in sZ(16,R) x (R 16 ffi A 6 . © R 16 ). 
In fact, Tij in (3.3.11) generate so(8) C sZ(16, R) while K^, K^ijk are 
the generators of the abelian Lie algebra R 192 = (R 16 ® A 2 . © R 16 ) C 
(R 16 © A 6 . © R 16 ). The representation of so(8) on each R 16 is reducible 
into two 8-dimensional (spinor) representations 8 S , making R 16 split as 
R 2 ( 8s ) and yielding a generalized holonomy for the M2-brane [94] 

hol M 2 = so(8) x (R 2(8s) ffi A 2 . © R 2 ( 8s )) . (3.3.16) 

Second order integrability is, thus, sufficient to guarantee the closure of 
the Lie algebra of the generalized holonomy group of the M2-brane. 

Note that the generalized connection Qm contains complete informa- 
tion about the generalized holonomy of the spacetime, as the complete 
set of integrability conditions (3.2.1)— (3.2.4) may be obtained through 
commutators and derivatives of Qm- In this sense, the algebra of the 
holonomy group can never be larger than the algebra obtained through 
the generators in CIm itself. However it can certainly be smaller. This 
is apparent for the M5-brane, where the r( M5 ) generator is absent in the 
generalized curvature 1Zmn{&) and its derivatives and also for the M2- 
brane, where I^ M2 ) is absent. For these examples, and in fact for all 
vacua considered in [94, 110], the generators appearing in Qm and those 
appearing in 1Zmn(Q) are nearly identical. As a result, the generalized 
holonomy group may be correctly identified at first order in integrabil- 
ity, and the higher order conditions only serve to complete the set of 
generators needed for closure of the algebra. 

A different situation may arise, however, if for some reason (such 
as accidental symmetries) a greatly reduced set of generators appear in 




M i{?j K vk + \ M i*j mK vklm + \ M ijlj T kl , 
, M ijk = \M^ k T lm . 



(3.3.15) 



[94]. 
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TZmn(^)- In such cases, examination of first order integrability may result 
in the misidentification of the actual generalized holonomy group. What 
happens here is that the algebra of the curvature 1Zmn(&) at a single 
point p forms a subalgebra of the Lie algebra of the holonomy group. It 
is then necessary to explore the curvature at all points q connected by 
parallel transport to p in order to determine the actual holonomy. We 
demonstrate below that this incompleteness of first order integrability 
does arise in the case of generalized holonomy. 

3.4 Higher order integrability and the squashed S 7 

For an example of the need to resort to higher order integrability to 
characterize the generalized holonomy group Hol(f2), we turn to Freund- 
Rubin compactifications of eleven-dimensional supergravity. With van- 
ishing gravitino, the Freund-Rubin ansatz [32] for the 4-form field strength 
Fa, 

F^upa = Smenvpa, M = 0, 1, 2, 3, (3.4.1) 

with m constant and all other components vanishing, leads to sponta- 
neous compactifications of the product form AdS^ x X 7 . Here X 7 is 
a compact, Einstein, Euclidean 7-manifold. Decomposing the eleven- 
dimensional Dirac matrices Tm as 

r M = {lp® 1,75 ®r m ), /x = 0,l,2,3, m = l,...,7, (3.4.2) 

where 7 M and T m are four- and seven-dimensional Dirac matrices, respec- 
tively, and assuming the usual direct-product ansatz e(x M ) <8> r](y m ) for 
eleven-dimensional spinors, the Killing spinor equation (3.1.3) splits as 

?V = (fy + H a/3 7«/3 + ™7m75) e = 0, (3.4.3) 
VmV = (dm + \oJ m ah T ab - §mF m ) V = 0. (3.4.4) 

Since AdS± admits the maximum number of Killing spinors (four in this 
case), the number N of supersymmetries preserved in the compactification 
coincides with the number of Killing spinors of the internal manifold X 7 , 
that is, with the number of solutions to the Killing spinor equation (3.4.4). 
Therefore we only need to concern ourselves with the Killing spinors on 
X 7 . 

An orientation reversal of X 7 or, alternatively, a sign reversal of F4, 
provides another solution to the equations of motion (3.0.2), (3.0.3) and, 
hence, another acceptable Freund-Rubin vacuum [143, 29]. For definite- 
ness, we shall call Ze/it-orientation the solution corresponding to the choice 
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of sign of in (3.4.1), that leads to the Killing spinor equation (3.4.4), 
and ri#/i£-orientation the solution corresponding to the opposite choice of 
sign of F4: 

(right) F^ vpa = -Smenvpa, fi = 0, 1, 2, 3, (3.4.5) 
leading to the Killing spinor equation 

(right) V mV = (d m + \uJ m ab T ab + |mr m ) V = 0. (3.4.6) 

Prom either (3.4.4) or (3.4.6), we see that the generalized connection 
defining V m takes values in the algebra spanned by {T a b, T a } and therefore 
the generalized structure group is SO(8). Notice, however, that both 
Killing spinor equations (3.4.4) and (3.4.6) share the same first order 
integrability condition [30, 29] 

M mn r] = [V m ,V n } V = = \C mn i] = \C mn ah T ahV = 0, (3.4.7) 

where C mn ab is the Weyl tensor of X 7 (thus demonstrating that, in this 
case the generalized curvature tensor is simply the Weyl tensor). Thus 
first order integrability is unable to distinguish between left and right 
orientations on the sphere. Then it might be possible that spinors i] solv- 
ing the integrability condition (3.4.7) will only satisfy the Killing spinor 
equation for one orientation, that is, satisfy (3.4.4) but not (3.4.6) (or 
the other way around). In fact, the skew- whiffing theorem [143, 29] for 
Freund-Rubin compactifications proves that this will, in general, be the 
case: it states that at most one orientation can give N > 0, with the 
exception of the round S 7 , for which both orientations give maximal su- 
persymmetry, N = 8. Since the preserved supersymmetry N is given by 
the number of singlets in the decomposition of the 8 S of 50(8) (the gen- 
eralized structure group) under the generalized holonomy group Hol(f2), 
then, in general, each orientation must have either a different generalized 
holonomy, or the same generalized holonomy but a different decomposi- 
tion of the 8 S . 

To illustrate this feature, consider compactifications on the squashed 
S 7 [143, 30]. This choice for X 7 has the topology of the sphere, but 
the metric is distorted away from that of the round S 7 ; it is instead the 
coset space SO (5) x SU(2)/SU(2) x SU{2) endowed with its Einstein 
metric [143, 30]. The compactification on the left-squashed S preserves 
N = 1 supersymmetry whereas that on the right-squashed S 7 has N = 0; 
put another way, the integrability condition (3.4.7) has one non-trivial 
solution, corresponding in turn to a solution to the Killing spinor equa- 
tion (3.4.4) (making the left-squashed S 7 preserve N = 1), but not to 
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a solution to (3.4.6), which in fact has no solutions (yielding N = for 
the right-squashed S 7 ). On the other hand, an analysis of the Weyl ten- 
sor of the squashed S shows that there are only 14 linear combinations 
C mn of gamma matrices in (3.4.7), corresponding to the generators of 
C?2 [30, 29]. Though appealing, G2 cannot be, however, the generalized 
holonomy since the 8 S of SO (8) would decompose as 8 S — > 8 — > 7 + 1 
under SO (8) D SO (7) D G2 regardless of the orientation, giving N = 1 
for both left- and right-squashed solutions. We thus conclude that in 
this case the first order integrability condition (3.4.7) is insufficient to 
determine the generalized holonomy. 

The resolution to this puzzle is naturally given by higher order integra- 
bility. In the case of the squashed S 7 , it turns out that the second order 
integrability condition (3.2.2) is sufficient. For a general Freund-Rubin 
internal space X 7 this condition reads 5 [144] 

M lmnV = \\D u C mn \n = \ [DiC mn ab T ah + 2imC mnl a T^ v = , (3.4.8) 

the — sign corresponding to the left solution, and the + to the right. For 
the squashed S 7 , we find that only 21 of the M/ mn are linearly indepen- 
dent combinations of the Dirac matrices [2]. The details are provided in 
Appendix A. Following the notation of [30, 29], we split the index m as 
m = (0, i, i), with i = 1, 2, 3, i = 4, 5, 6 = 1, 2, 3; then, with a suitable nor- 
malization, the linearly independent generators in (3.4.8) may be chosen 
to be [2] 

Coi = Foi + \eikiT kl , Cij = Tij + IV. , 

C« = -Itf - hr fi + \5 l3 5 kl T ki - le ijk T 0k , (3.4.9) 

M H = T ij =F lV5ime ijk T k , Mi = T oi T IV^imTi , 

M = S kl T ki ± 2V5imr , (3.4.10) 

the — sign in front of m corresponding to the left solution and the + to 
the right. Notice that there are 8 linearly independent generators in Cf- 
of (3.4.9), since S kl C ki = C^+C^+C^ = 0. The 3 + 3 + 8 = 14 generators 
Coi, Cij, span G2 [30, 29], and are the same as those obtained from 
the first integrability condition (3.4.7), while the 3 + 3 + 1 = 7 additional 
generators M^-, Mj, M of (3.4.10) were not contained in (3.4.7). Taken 
together, they generate the 21 dimensional algebra so(7), regardless of 
the orientation, provided [2] 

™? = j>, (3.4.11) 

5 In (3.4.7), T>i (the generalized covariant derivative in equation (3.4.4)) should not 
be confused with D t (the Levi-Civita covariant derivative). 
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in agreement with the Einstein equation for the squashed S 7 [29]. 

The embedding of so(7) into so(8) is, however, different for each ori- 
entation. We use so(7)_ to denote the embedding corresponding to the 
left solution and so(7) + the right. While the spinor 77 transforms as an 
8 S of the generalized structure group SO(8), the decomposition of the 8 S 
is different under left- and right-squashing. With our Dirac conventions, 
it turns out that 8 S — > 7 + 1 under so (8) D so(7)_, giving N = 1 for the 
left-squashed 57, while 8 S — > 8 under so(8) D so(7)+, giving iV = for 
the right-squashed S 7 . 

Since so(7) is the subalgebra of so(8) that yields the correct branching 
rules of the 8 S of 50(8), we conclude that second order integrability 
is sufficient in this case to identify all generators of the Lie algebra of 
the holonomy Hol(fi m ) of the connection Q, m defining the supercovariant 
derivative T> m in (3.4.4) . Hence the generalized holonomy algebra of the 
Freund-Rubin compactification on the squashed S 7 is given precisely by 
hol(f2 m ) = so(7) [95, 2] 6 . In this case, it is the embedding of so(7) in 
so(8) (with corresponding spinor decomposition 8 S — ► 7 + 1 or 8 S — ► 8) 
that determines the number of preserved supersymmetries. This indicates 
that, for generalized holonomy, knowledge of the holonomy group and 
the embedding are both necessary in order to understand the number 
of preserved supersymmetries. While this was already observed in [94, 
87] for non-compact groups, here we see that this is also true when the 
generalized holonomy group is compact. 

The analysis of the squashed S 7 , along with that of the brane solutions 
of the previous section, highlights several features of generalized holon- 
omy. For the squashed S 7 , the Lie algebra of the generalized holonomy 
group is in fact larger than that generated locally by the Weyl curvature 
at a point p. In this case, the algebra arising from lowest order integra- 
bility is already closed, but is only a subalgebra of the correct holonomy 
algebra. It is then mandatory to examine the second order integrability 
expression (3.4.8) in order to identify the generalized holonomy group. 
On the other hand, for the M2 and M5-branes, lowest order integrability, 
while lacking a complete set of generators, nevertheless closes on the cor- 
rect holonomy algebra, and no really new information is gained at higher 



6 For a d- dimensional manifold Xd, the cone C(Xd) over Xd is the (d+l)-dimensional 
manifold defined to have topology R + x X d and metric g(C(X d )) = dr 2 + r 2 g(Xd), 
where g(Xd) is the metric on Xd and r parameterizes R + . In a supergravity context, 
Killing spinors on the Freund-Rubin compactifying manifold Xd correspond to parallel 
spinors with respect to the Levi-Civita connection on C(Xd) [146, 70]. Thus, in this case, 
the generalized holonomy of X d corresponds to the Riemannian holonomy of C(Xd). 
A compactifying 7-manifold X7 preserves N = 1 supersymmetry for one orientation if 
its corresponding 8-dimensional cone C(Xj) has Spin(7) holonomy [70], in agreement 
with this result for the generalized holonomy of the squashed S 7 [95, 2]. 
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order. Of course, in all cases, complete information is contained in the 
generalized connection itself. However, examination of Qm directly 
can be misleading, as it may contain gauge degrees of freedom, which are 
unphysical. This is most clearly seen in the case of the round S 7 , where 
Q, m = u^T a f, — 2imT m is certainly non-vanishing, while the generalized 
curvature TZ mn , given by the Weyl tensor, is trivial, TZ mn = 0. 

For generalized holonomy to be truly useful, it ought to go beyond 
simply a classification scheme, and must yield methods for construct- 
ing new supersymmetric solutions. In much the same way that the rich 
structure of Riemannian holonomy teaches us a great deal about the ge- 
ometry of Killing spinors on Riemannian manifolds, the formal analysis 
of generalized holonomy via connections on Clifford bundles may lead to 
a similar expansion of knowledge of supergravity structures and mani- 
folds with fluxes. Such an analysis is well beyond the scope of this Thesis 
and, instead, we now continue with the study of generalized holonomy 
to characterize supersymmetric solutions of supergravity, from a different 
point of view. 



4 

Generalized holonomy for BPS preons 



The observation [83] that BPS states that break n = 32 — k supersym- 
metries can be treated as composites of those preserving all but one su- 
persymmetries, suggests that the k = 31-supersymmetric states might be 
considered as fundamental constituents of M Theory. These v = 31/32 
BPS states were accordingly named BPS preons in [83]. In this chapter we 
apply the ideas previously developed about generalized holonomy to the 
study of hypothetical preonic solutions of eleven-dimensional supergrav- 
ity. In section 4.1, the notion of preonic states is reviewed. States com- 
posed of n preons are shown to be characterized by n bosonic spinors that 
parameterize the broken supersymmetries. In section 4.2, these spinors 
are shown to be orthogonal to the Killing spinors characterizing the un- 
broken supersymmetries. A moving G- frame (where the group G can 
chosen to be G = GL(32,K), SX(32,R) or Sp(32,R)) defined by both 
preonic and Killing spinors can be consequently used to describe the cor- 
responding states. We then apply, in section 4.3, this moving G-frame 
method to the study of the generalized holonomies of hypothetical preonic 
solutions of supergravity. Although no definite answer to the question of 
the existence of preonic solutions for the standard D = 11 supergravity 
is given here, we do show, in section 4.4, that v = 31/32 super symmetric 
preonic configurations exist in Chern-Simons (CS) supergravity i.e., that 
CS supergravity does have preonic solutions. To conclude this chapter, 
we propose in section 4.5 a worldvolume action for BPS preons in the 
background of the D'Auria-Fre formulation of D = 11 supergravity [92]. 
The notation and conventions are restored to those of chapter 2. This 
chapter follows closely reference [3]. 

4.1 BPS preons 

Group theoretical methods usually help with the lack of a dynamical 
description of M Theory; in particular, the representation theory of the M- 
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algebra g( 528 l 32 ) (gee section 2.1 of chapter 2) can shed some light into the 
structure of M Theory. Bogomoln'yi-Prasad-Sommerfield (BPS) states 
saturate the Bogomoln'yi bound associated to the M Theory superalgebra 
(2.1.10) and are, therefore, protected from corrections as argued in the 
Introduction (chapter 1). They are, thus, intrinsically non-perturbative 
and are expected to be fundamental states of the fully-hedged M Theory. 

A BPS state \BPS , k) described by a supergravity solution preserv- 
ing k supersymmetries is characterized by k spinors e", J = 1, . . . , k < 32 
parameterizing the supersymmetry transformations (2.3.1)-(2.3.3) of the 
spacetime helds. In particular, it will be assumed that the state \BPS , k) 
corresponds to a purely bosonic supergravity solution, so that the spinors 
6j are Killing and satisfy the Killing spinor equation (3.1.3). These 
spinors parameterize the unbroken supersymmetries that leave invariant 
the supersymmetric state; that is, at the level of generators acting on 
\BPS, k), 

ej a Q a \BPS , k) = 0, J=l,...,k, k<32. (4.1.1) 

Here, Q a are the supersymmetry generators, that we shall take to be in 
the maximally extended supersymmetry algebra, namely, the M Theory 
superalgebra (£( 528 l 32 ) 5 whose (anti) commutation relations are given in 
(2.1.10): {Q a ,Qp} = P a(3 , [Q a ,Pfr] = 0, q,/3, 7 = 1,2,..., 32, so that 
Pa/3 = Ppa- The generalized momentum P a p can be decomposed in the 
basis of D = 11 Spin(l, 10) (32 x 32) Dirac matrices as in (2.1.9), namely, 
P a p = PaKp + iZ abK b (S + Z ai ...a 5 K 1 fS - a5 , containing the standard D = 11 
momentum P a and the tensorial 'central' charge generators Z a f>, Z ai __ M5 . 
As discussed in section 2.1, these central charges are associated to the 
basic M Theory branes. 

In a formal, quantum-mechanical discussion, a v = /c/32-supersym- 
metric BPS state \BPS,k) can also be defined as an eigenstate of the 
generalized momentum operator P a p, 

P af3 \BPS,k)=pW\BPS,k) (4.1.2) 

with eigenvalue p^p such that det p^ = 0, as justified below. The va- 

(k) 

nishing determinant condition implies that the matrix p a ^ has rank less 
than the maximal possible rank 32. More precisely, a v = /c/32-BPS state 
\BPS, k) is such that 

rank p^=n = S2-k, 1 < k < 32 . (4.1.3) 



Recall from the discussion of section 2.1 that the maximal automorphism 

(k) 
y af3 



group of the M-algebra £( 528 l 32 ) is GL(32,E). Then the matrix p^l can 
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be diagonalized by a GL(32,R) transformation 

In (4.1.4), P( T )(<5) is a diagonal matrix that can be put in the canonical 
form 

P(i)(S) = diag( l,...,l,-l,...,-l ,0,...,0) , (4.1.5) 

n=32— k k 

where the number of non- vanishing elements, all +1 or —1, is equal to 
h = rank(p^). However, the usual assumptions for the supersymmetric 
quantum mechanics describing BPS states do not allow for negative eigen- 
values of P a/3 = {Q a ,Qp} (pn = -1, e.g., would imply {Q{) 2 \BPS, k) = 
— \BPS,k), contradicting unitarity). Thus, only positive eigenvalues are 
allowed and 

p (7)( i) = diag(l i _^,0 1 _^ I 0) . (4.1.6) 

h=32—k k 

Substituting (4.1.6) into (4.1.4), one arrives at 
Pal = 9* {1) diag(l^^,0 1 _ ;;2 0) (7)(5) gp® , (4.1.7) 

n=32-fe k 

or, equivalently, introducing the n vectors A*,..., A™ of GL(32,R), de- 
fined by = Xa 1 , . . ., g a n = X a n , 

n=32-k 



P a(S \BPS,k} = K r V\BPS,k) 



r=l 



= (A Q 1 A / g 1 + . . . + A a "A/) \BPS, k) . (4.1. 



Taking suitable linear combinations of the supertranslations, namely, 
Qa^ = (g~ 1 ) fS aQf3, the algebra diagonalizes on BPS states, 

{Qi 0) ,Q^}\BPS,k) =5 rs \BPS,k) , 

{Qi°\Qf}\BPS,k) = {Qf,Q^}\BPS,k) = , (4.1.9) 

where r, s = 1, . . . , n, J,K = 1, . . . , k, so that the set of 32 supercharges 
Qa^ = (Qr°\ Qj^) acting on the BPS state \BPS, k) splits into k genera- 
tors Qj ^ of supersymmetry that preserve the BPS state (and correspond 
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to the generators of (4.1.1), Qj\k) = 0), and n = 32 — k generators Q r 
corresponding the set of broken super symmetries. 

Equation (4.1.8) suggests that all BPS states can be considered as 
composites of states with rank p^ = 1 [83], that is, preserving k = 31 
supersymmetries. The hypothetical objects carrying these "elementary 
values" of pJ are called BPS preons [83]. For a BPS preon state, the in- 
dex r in equation (4.1.8) assumes only one value and can therefore be sup- 
pressed. In summary, a BPS preon [83] state \BPS , 31) = |A) preserves 
31 supersymmetries (hence the notation \BPS , 31)) and is characterized 
by the following choice of central charges matrix 

PafS = g J a P^S 9 5 (3 = ^aXf3 , (4.1.10) 

in terms of a single bosonic spinor 1 (hence the notation |A)) such that 

Pa(s\X) = X Q \p\X) ■ (4.1.11) 

Equation (4.1.8) may be looked at as a manifestation of the composite 
structure of the v = k/2,2 BPS state \BPS, k), 

\BPS,k) = (A 1 )®...® |A fl ) , (4.1.12) 

where jA 1 ), |A ra ), h = 32 — k, are BPS elementary, preonic states 
characterized by the spinors A^ 1 , . . ., X a n , respectively. 

From this point of view, all the single-brane solutions of 11-dimensio- 
nal supergravity, which preserve 16 out of 32 supersymmetries (see section 
2.5 of chapter 2), correspond to composites of 16 BPS preons. By the 
same token, intersecting branes, preserving less than 16 supersymmetries 
(u < 1/2) correspond to composites of more than 16 preons, and solutions 
with extra supersymmetry {y > 1/2) can be considered as composites of 
less than 16 BPS preons. Initially, it seemed that solutions preserving all 
supersymmetries but one, i.e. describing the excitations of a BPS preon, 
could not exist, and indeed they were not found by means of the standard 
brane ansatzes used to solve the usual 11-dimensional supergravity [27] 
equations. A more general study in the context of standard D = 11 
supergravity has shown that the existence of such solutions is not ruled 
out [87, 78]. 

The possible existence of brane solutions with extra supersymmetries 
should not be excluded, although these solutions would describe quite 
unusual branes. The reason why the 'standard' brane solutions (like 

1 By construction, \ a is a GL(32, R) vector. However, we keep the 'spinor' name 
for it bearing in mind the possibility of a spacetime treatment, although this is not 
straightforward and would require additional study. 
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M-waves, M2 and M5-branes in D = 11) always break 1/2 of the su- 
persymmetry is that their K-symmetry projector (the bosonic part of 
which is identical to the projector defining the preserved supersymme- 
tries [147, 58]) has the form (1 - f ) with trf = 0, f 2 = I. However, 
worldvolume actions for branes with a different form for the K-symmetry 
projector are known [148, 149, 150, 8, 84] although in an enlarged super- 
space (see [85]): see chapter 7 for an explicit example. A question arises, 
whether such actions may be written in usual spacetime or superspace. 

However, and independently of whether BPS preons can be associated 
with solutions of standard supergravity or there is, instead, a BPS preon 
conspiracy preventing their existence in standard D=ll spacetime or su- 
perspace, preons do provide an algebraic classification of the M Theory 
BPS states [83]. In this perspective such a BPS preon conspiracy, if it ex- 
ists, would perhaps indicate the necessity of a wider geometric framework 
for a suitable description of M Theory, such as extended superspaces and 
supertwistors. If, on the contrary, solitonic solutions with the proper- 
ties of BPS preons were actually found, extended superspaces would still 
provide a useful tool for a description of M Theory 2 . One is led to ex- 
pect that the additional tensorial coordinates of these superspaces carry 
a counterpart of the information which, in the framework of standard 
D = 10, 11 supergravity, is encoded in the antisymmetric tensor gauge 
fields entering the supergravity multiplets (cf. [85]). This point of view 
may be also supported by the observation that in the standard topolog- 
ical charge treatment of the tensorial generators of the M-algebra [57], 
these topological charges are associated just with these gauge fields. 

4.2 Moving G-frame 

When a BPS state \k) is realized as a solitonic solution of supergravity, 
it is characterized by k Killing spinors ej^(x) or by the n = 32 — k 
bosonic spinors X a r (x) associated with the h BPS preonic components 
of the state \BPS,k). The Killing spinors and the preonic spinors are 
orthogonal. Indeed, using the (anti) commutation relations (2.1.10) of the 
M-algebra, if the preserved supersymmetries correspond to the generators 
£j a Qa, J = 1, • • • , k, equation (4.1.1), then 



2 There are also related reasons to consider more general superspaces, as the ensuing 
fields/extended superspace coordinates correspondence [85, 86] associated with extended 
superspaces: see section 6.7 of chapter 6 and further references therein. 



h=32~k 




(4.2.1) 



r=l 
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which implies the orthogonality of Killing and preonic spinors [3] , 

ej a X a r = 0, J =1, r = l,...,n, (4.2.2) 

explaining the relation h = 32 — k between the number of preons h = 
rank(p^]) and the number of preserved supersymmetries k. 

Then, BPS preonic (A a r ) and Killing (e,j a ) spinors provide an al- 
ternative (dual) characterization of a i^-supersymmetric solution; either 
one can be used and, for solutions with extra supersymmetries (v > 1/2) 
[119, 120, 121, 122, 123, 124], the characterization provided by BPS preons 
is a more economic one. Moreover, the use of both BPS preonic spinors 
and Killing spinors allows us to develop a moving G- frame method [3], 
which we now introduce, and that may be useful in the search for new 
super symmetric solutions of supergravity. 

The set of Killing and preonic spinors can be completed to obtain bases 
in the spaces of spinors with upper and with lower indices by introducing 
h = 32 — k spinors w r a and k spinors u a L satisfying 

w s a X a r = 8 r s , w s a u a J = 0, ej a u a K = Sj K . (4.2.3) 

Either of these two dual bases defines a generalized moving G-frame de- 
scribed by the nondegenerate matrices 

gj® = (X a s ,u a J ) , 5 "V = (%) , ( 4 - 2 - 4 ) 

where (a) = (s, J) = (1, . . . , 32 - k; J = 1, . . . , k). Indeed, g' 1 (pf g~f (a) = 
5 (/3) ( Q ) is equivalent to Eqs. (4.2.3) and (4.2.2), while 

5/ = gJ^g- 1 ^ 13 = XJw/ + u a J e/ (4.2.5) 

provides the unity I32 decomposition or completeness relation in terms of 
these dual bases. 

One may consider the dual basis g -1 ^)" to be constructed from the 
bosonic spinors in g a ^ by solving equation (4.2.5) or g~ 1 g = I32 (Eqs. 
(4.2.3) and (4.2.2)). Alternatively, one may think of w r a and being 
constructed from e j a and X a r through a solution of the same constraints. 
In this sense [3] the generalized moving G-frame (4-^-4) * s constructed 
from k Killing spinors ej a characterizing the supersymmetries preserved 
by a BPS state (realized as a solution of the supergravity equations) and 
from the n = 32 — k bosonic spinors X a r characterizing the BPS preons 
from which the BPS state is composed. Although many of the consider- 
ations below are general, we shall be mainly interested here in the cases 
G = 5L(32,M) and G = 5p(32,R). 
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In D = 11, the charge conjugation matrix C a @ = —C@ a allows us 
to express explicitly the dual basis g~ l in terms of the original one g 
or vice versa. In particular, in the preonic k = 31 case one finds that, 
since X a C a @Xp = 0, then X a = C al3 Xp has to be expressed as X a = 
X I ei a , for some coefficients A 7 , J = 1, ...,31. In general (as e.g., in 
CJS supergravity with nonvanishing F4), the charge conjugation matrix 
is not 'covariantly constant', VC a @ = — 2f2^ 7^ 0, where f2 Q . /3 is the 
D = 11 supergravity generalized connection (2.3.5) (see section 2.3 of 
chapter 2). This relates the coefficients X 1 = X a u a I to the antisymmetric 
(non-symplectic) part of the generalized connection, 0\ a ^ = C^O,^ 
by 3 dX 1 - AX 1 = 2XM aP W- In OSp(l|32)-related models, fi[ Q = 
and ^4 = 0, hence X 1 is constant and we may set X 1 = 5^ using the global 
transformations of GL(31, M), which is a rigid symmetry of the system of 
Killing spinors. This allows us to identify X a itself with one of the Killing 
spinors 

G = 5p(32,R) : 

ei a = (ei a , X a ) , A Q :=C Q % i = l,...,30. (4.2.6) 

Without specifying a solution of the constraints (4.2.5) (or g~ l g = 
I32), the moving frame possesses a G = GL(32,M.) symmetry. One may 
impose as additional constraints det(g) = 1 or det(<7~ 1 ) = 1 reducing G 
to SX(32,R), 

G = SL(32,R) : det(^ o) ) = 1 = det(^) . (4.2.7) 
For instance, in the preonic case k = 31 this would imply 

W " = W^ 1 ^ 31 ^! 1 ---^ 31 - ( 4 - 2 - 8 ) 

Such a frame is most convenient to study the bosonic solutions of CJS 
supergravity, since the corresponding generalized holonomy must be a 
subgroup of SX(32, R) (see section 2.3 of chapter 2 and references therein). 

4.3 Generalized holonomy of preonic solutions 

The Killing equation (3.1.3) for a v = k/32 supersymmetric solution, 

Vej a = dej a - e/n p a = , J = l,...,k, (4.3.1) 

implies the following equations for the other components of the moving 
G-frame 

VXJ := dXJ + VLj A/ = X a s A/ , (4.3.2) 



3 To see this, one calculates dX 1 = VX 1 = (VC al3 )X f jU a I + C al3 (VX )u a I + 
C^XpVuJ and use equation (4.3.9), (4.3.10) to find dX 1 = AX 1 + 2X a Q. la ' 3] up I . 
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Vu a J := du a J + n a P U/3 J = XJ B J r , (4.3.3) 
Vw r a := dw r a - w/Qf3 a = -A r s w s a - B J r ef , (4.3.4) 

where a, (3 = 1, . . . , 32, J = 1, . . . , k, r, s = 1, . . . , (32 — k), and A s r and 
B r J are (32 — k) x (32 — A;) and (32 — k) x k arbitrary one-form matrices. 
To obtain the equations (4.3.2), (4.3.3), (4.3.4) one can take firstly the 
derivative V of the orthogonality relations (4.2.2), (4.2.3). After using 
equation (4.3.1), this results in 

efVXJ = , e! a Vu a J = , (4.3.5) 
w s a VX a r = -Vw s a \ a r , w s a Vu a J = -Vw s a u a J . (4.3.6) 

Then, for instance, to derive (4.3.2), one uses the unity decomposition 
(4.2.5) to express T>X a r through the contractions w s a T>\ a r and ei a T>\ a r : 
VX a r = X a s WgPVXff + Ua 1 ei^VXjf . The second term vanishes due to 
(4.3.5), while the first one is not restricted by the consequences of the 
Killing spinor equations and may be written as in equation (4.3.2) in 
terms of an arbitrary form A s r = w s a T>X a r . 

Notice that, using the unity decomposition (4.2.5), one may also solve 
formally equations (4.3.1), (4.3.2), (4.3.3), (4.3.4) with respect to the 
generalized connection VL^ of equation (2.3.5), 

n a P = A r s XJw/ + B r J XJe/ - (dgg~ l ) a P , (4-3.7) 

where gi^ and g~m\ a are defined in equation (4.2.4) and, hence, 

{dgg'V = dXJ w/ + duj e/ . (4.3.8) 

For a BPS v = 31/32, preonic configuration, equations (4.3.2), (4.3.3), 
(4.3.4) read 

VX a := dX a + SlJXp = AX a , (4.3.9) 
VuJ :=duj + n a l3 u l 3 I = B r Xa , (4.3.10) 
Vw a := dw a - w 13 ^^ = -Aw a - B 1 (4.3.11) 

and contain 1 + 31 = 32 arbitrary one- forms A and B 1 . 

For G = SX(32,R) one may choose det(g) = 1, equation (4.2.7), which 
implies ^(dgg^ 1 ) := (dgg -1 )^ = 0. Then the s/(32, IR)-valued general- 
ized connection Q, a @ (Q a a = 0) allowing for a v = k/32 super symmetric 
configuration is determined by equation (4.3.7) with A r r = 0, 

G = 5L(32,M) : A/ = . (4.3.12) 

In particular, the s/(32, IR)-valued generalized connection allowing for a 
BPS preonic, v = 31/32, configuration, should have the form [3] 

G = SL(32, R) , v = 31/32 : SlJ = B 1 X a e/ - (dgg^ 1 )^ (4.3.13) 
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in terms of 31 arbitrary one- forms B 1 , I = 1, . . . , 31. 

Assuming a definite form for the generalized connection Sl a , one finds 
that Eqs. (4.3.7) become differential equations for k Killing spinors ej a 
and n = 32 — k BPS preonic spinors X a r once (dgg -1 ) = dX a r w r ^ — 
u a l dei^ (equation (4.3.8)) is taken into account. On the other hand, one 
might reverse the argument and ask for the structure of a theory allow- 
ing for v = k/32 super symmetric solutions. This question is especially 
interesting for the case of BPS preonic and v = 30/32 solutions as, for 
the moment, such solutions are unknown in the standard D = 11 CJS 
and D = 10 Type II super gravities. 

The simplest application of the moving G- frame construction is to find 
an explicit form for the general solution of the integrability conditions, 

e/V* = , (4.3.14) 

which are necessary for the Killing spinor equation (4.3.1). In (4.3.14), 
1Z/3 a is the generalized curvature (2.3.9) corresponding to the D = 11 
supergravity generalized connection of (2.3.5). To make things sim- 
pler, we shall consider that the solutions we are dealing with are such that 
their generalized holonomy is fully determined by 1Zp a and, like in the M2 
and M5-brane cases (see section 3.3 of chapter 3), further supercovariant 
derivatives of lZp a do not provide additional essential information. 

Since the Killing spinor equation (4.3.1) implies Eqs. (4.3.2), (4.3.3), 
one may solve instead the selfconsistency conditions for these equations, 

VVXJ = TZ^Xff = \ a s {dA -AA A) s r (4.3.15) 
VVuJ = U^up 1 = XJidBl + Bg A A r s ) . (4.3.16) 

Using the unity decomposition (4.2.5), which implies TZ a ^ = 1Z a ~< A 7 r w r ^+ 
7£ a 7 ii 7 7 ei 13 , one finds the following expression for the generalized curva- 
ture 

= G r s XJws 13 + VB^XJe/ , (4.3.17) 

where 

G r s := (dA - A A A) r s , (4.3.18) 
VB £ r := dB\. - A T S A B\ , (4.3.19) 

For k = 31, corresponding to the case of a BPS preon, equation (4.3.17) 
simplifies to [3] 



Kj = dA X a w p + {dB 1 + B 1 A A) X a e/ 



(4.3.20) 
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Equations (4.3.17) and (4.3.20) imply H a P = X a r (- • • ) r /3 and, thus, due to 
the orthogonality condition (4.2.2) they solve equation (4.3.14), e^Tlff 1 = 
0. 

The conditions G C 5L(32,E) and hence, also for the generalized 
holonomy group, Hol(f2) C <SX(32,M), TZ a a = (which is always the case 
for bosonic solutions of 'free' CJS [87, 107] and Type II super gravities 
[108]), imply A r r = in equation (4.3.17) [see equation (4.3.12)], while 
for k = 31 equation (4.3.20) simplifies to [3] 

Hol(ft) C SL(32,R) , k = 31 : Kj = dB 1 X a e/ . (4.3.21) 

Finally, for G C Sp(32,R) fi[ a = 0, then Hol(O) C Sp(32,R), ft Q/3 := 
C a m^ = TZ^\ and equation (4.3.21) reduces to [3] 

Hol(ft) C Sp(32,M) , fe = 31 : ft/ = dB X a X? , (4.3.22) 

where only one arbitrary one-form .B appears [to obtain (4.3.22) one has 
to keep in mind that e/ a = (cj Q , C al3 \p), I = (i, 31), equation (4.2.6)]. 
Eqs. (4-3.21), (4.3.22) solve equation (4-3.14) for preons when G = 
5L(32,M) and G = Sp(32,R), respectively. 

Equation (4.3.17) with A/ = (Eq. (4.3.12), and, hence, (dA - A A 
A) r r = 0) provides an explicit expression for the result of equation (3.3.8), 
namely, for the fact that a /c-supersymmetric solution of either D = 11 
or D = 10 Type II supergravities must have its generalized holonomy 
group contained in Hol(fi) C SL (32 - k,R) K M fc ( 32 - fe ). For a BPS preon 
k = 31, and Hol(fi) C M 31 as expressed by equation (4.3.21). However, 
our explicit expressions for the [s/(32 - k,R) x (lR( 32 - fc )e .*. ©M (32 ~ fc) ]- 
valued generalized curvatures TZ a ^, Eqs. (4.3.17), (4.3.21), given in terms 
of the Killing spinors ej@ and bosonic spinors X a r characterizing the BPS 
preon contents of a v = k/32 BPS state, may be useful in searching for 
new supersymmetric solutions, including preonic v = 31/32 ones. Some 
steps in this direction are taken in the next section. 

4.4 BPS preons in supergravity 

4-4-1 BPS preons in Chern- Simons supergravity 

The first observation is that the generalized curvature allowing for a BPS 
preonic (k = 31 supersymmetric) configuration for the case of Hol(O) C 
SL(32,R) holonomy, equation (4.3.21), is nilpotent 

Kc? A ft/ = , for Hol(n) C 5L(32, R) , k = 31 . (4.4.1) 

As a result it solves [3] the purely bosonic equations of a Chern-Simons 
supergravity (see [91]), 

ll a rL A ft 7l 72 A ft 72 73 A ft 73 74 A K 7 / = . (4.4.2) 
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The same is true for Hoi (ft) C Sp(32,R) C SX(32,R), where TZ is given 
by equation (4.3.22). Thus, there exist BPS preonic solutions in CS 
supergravity theories, including OSp(l|32)-type ones. 

Note that equation (4.4.1) follows in general for a preonic configura- 
tion only. In fact, it implies that the generalized holonomy algebra is 
abelian, in agreement with the fact noted above that 31-supersymmetric 
solutions have their generalized holonomy groups Hol(ft) in R 31 . For 
configurations preserving k < 30 of the 32 supersymmetries, the bosonic 
equations of a CS supergravity, Eqs. (4.4.2) reduce to (see (4.3.18), 
(4.3.19)) 

g s S2 a r-v a (;,/- a c,r a g s / = o , 

G s S2 AG S2 S3 AG S3 S4 AG s /AVB/ = , (4.4.3) 

which are not satisfied identically for G, r = 0. Eqs. (4.4.3) are satisfied 
e.g., by configurations with G s r = 0, for which the generalized holon- 
omy group is reduced down to Hol(ft) C R k ( 32 ~ k \ 1Zp a = V^A /3 r e/ Q! . 
Thus, only the preonic, v = 31/32, configurations always solve the Chern- 
Simons supergravity equations (4.4.2). 

4-4-2 Searching for preonic solutions of the free bosonic CJS equations 

We now go back to the question of whether BPS v = 31/32 (preonic) 
solutions exist for the standard CJS supergravity [27]. This problem can 
be addressed step by step, beginning by studying the existence of preonic 
solutions of the 'free' bosonic CJS equations. To this aim it is useful to 
observe [80, 3, 1] that these equations may be collected in a compact ex- 
pression for the generalized curvature, i a TZ a 1 ^ a ^ 13 = (equation (2.5.5) 
of chapter 2). The generalized curvature of a BPS preonic configura- 
tion satisfies equation (4.3.21), and thus it solves the 'free' bosonic CJS 
supergravity equations (2.5.5) if [3] 

iadB 1 e^J = . (4.4.4) 

Actually, equation (4.3.21) substituted in (2.5.5) gives 

XaiadB 1 ei<T a / = . (4.4.5) 

However, since X a / 0, this is equivalent to (4.4.4). 

Equation (4.4.4) contains a summed I = 1, ...,31 index and, as 
a result, it is not easy to handle. It would be much easier to deal 
with the expression T a a ' y i a TZy^ which, with equation (4.3.21) is equal 
to T a a ~i\ 1 i a dB J e/. Indeed, {T a \) a i a dB J e/ = 0, for instance, would 
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imply (r a \) a i a dB J = which may be shown to have only trivial solu- 
tions. However, Y a a 1 i a TZ 1 ^ / in general for a solution of the 'free' 
bosonic CJS equations (equation (2.5.5)), 

TV^/ = (DFj + 0(FF)) , (4.4.6) 

where D = e a D a is the Lorentz covariant derivative (not to be confused 
with V defined in Eqs. (4.3.1), (2.3.5)), 

p P — TP (paia 2 a 3 a4\ fi (a a n\ 

and 0(F F) denotes the terms of second order in F ClC2C3C4 , 

0(FF)= w ^e a (r a b ^ + 2^1^) e^^...^...^ 1 "^ 1 "-* 
+ | e a (^ a b lb2 b 3bi + 3§ [b 1T t> 2b3b4 ]^ Fcdblb2 F cd b3b4 
+fe a r b ^ b ^F acblb2 F% b4b5 . (4.4.8) 



Equation (4.3.21) then implies that for a hypothetical preonic solution 
of the 'free' bosonic CJS equations, the gauge field strength F abc( i should 
be nonvanishing (otherwise dB J = and lZ a P = 0, see above) and satisfy 

TVA 7 i a dB J e/ = -± (dPJ + O(FF)) . (4.4.9) 
Using (4.2.3), Eqs. (4.4.9) split into a set of restrictions for F abc d, 

(DF+0(FF))„% = O, (4.4.10) 
and equations for dB 1 , 

TVA 7 iadB 1 =-±(DF+ 0{FF)) J up 1 . (4.4.11) 

Eq. (4-4-9) or, equivalently, Eqs. (4-4-10), (4-4- H) are the equations to 
be satisfied by a CJS preonic configuration [3] . Note that if a non-trivial 
solution of the above equations with some F aba i ^ and some dB 1 / 
is found, one would have then to check in particular that such a solution 
satisfies ddB 1 = and D^ e F abcd ^ = 0. 

On the other hand, if the general solution of the above equation turned 
out to be trivial, dB 1 = 0, this would imply TZq, 13 = and, thus, a trivial 
generalized holonomy group, Hol(f2) = 1. However, this is the neces- 
sary condition for fully supersymmetric, k = 32, solutions [109]. Hence 
a general trivial solution for Eqs. (4.4.10), (4.4.11) would indicate that 



4-5 On possible preonic branes 



65 



a solution preserving 31 supersymmetries possesses all 32 ones (thus cor- 
responding to a fully supersymmetric vacuum) and, hence, that there 
are no preonic, v = 31/32 solutions of the free bosonic CJS supergravity 
equations (2.5.1), (2.5.3), (2.5.2) and (2.4.2) and (2.4.4). If this hap- 
pened to be the case, one would have to study the existence of preonic 
solutions for the CJS supergravity equations with non-trivial right hand 
sides. These could be produced by corrections of higher-order in curva- 
ture [125, 126, 61] and by the presence of sources (from some possibly 
exotic p-branes). 

4.5 On possible preonic branes 

4-5.1 Brane solutions and worldvolume actions 

As far as supersymmetric p-brane solutions of supergravity equations are 
concerned, the usual situation is that to v = 1/2 supersymmetric solu- 
tions (y = 16/32 in the D = 11 and D = 10 Type II cases) there also 
exist worldvolume actions in the corresponding (D = 11 or D = 10 Type 
II) superspaces possessing 16 /t-symmetries, exactly the number of su- 
persymmetries preserved by the supergravity solitonic solutions. The 
n-symmetry-preserved supersymmetry correspondence was further dis- 
cussed and extended for the case of v < 1/2 multi-brane solutions in 
[147, 58]. 

In this perspective one may expect that if preonic v = 31/32 super- 
symmetric solutions of the CJS equations with a source do exist, a world- 
volume action possessing 31 K-symmetries should also exist in a curved 
D = 11 superspace. For the time being, no such actions are known in 
the standard D = 11 superspace, but they do exist in a superspace en- 
larged with additional tensorial 'central' charge coordinates (see chapter 
7 and [8, 148, 149, 150]). One might expect that the role of these addi- 
tional tensorial coordinates could be taken over by the tensorial fields of 
supergravity. But this would imply that the corresponding action does 
not exist in the flat standard D = 11 superspace as it would require a 
contribution from the above additional field degrees of freedom (replacing 
the tensorial coordinate ones as in [85] ) . This lack of a clear flat standard 
superspace limit hampers the way towards a hypothetical worldvolume 
action for a BPS preon in the usual curved D = 11 superspace. 

Nevertheless, a shortcut in the search for such an action may be pro- 
vided by the observation [151] that the superfield description of the dy- 
namical supergravity-superbrane interacting system, described by the 
sum of the superfield action for supergravity (still unknown for D = 
10, 11) and the super-p-brane action, is gauge equivalent to the much 
simpler dynamical system described by the sum of the spacetime, com- 
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ponent action for supergravity and the action for the purely bosonic limit 
of the super-p-brane. This bosonic p-brane action carries the memory of 
being the bosonic limit of a super-p-brane by still possessing 1/2 of the 
spacetime local super symmetries [152]; this preservation of local super- 
symmetry reflects the «;-symmetry of the original super-p-brane action. 

Thus the /^-symmetric worldvolume actions for super-p-branes have 
a clear spacetime counterpart: the purely bosonic actions in spacetime 
possessing a part of local spacetime supersymmetry of a 'free' super- 
gravity theory This fact, although explicitly discussed for the standard, 
v = 1/2 superbranes in [151], is general since it follows from symmetry 
considerations only and thus it applies to any superbrane, including a 
hypothetical preonic one. The number of supersymmetries possessed by 
this bosonic brane action coincides with the number of K-symmetries of 
the parent super-p-brane action. Moreover, these supersymmetries are 
extracted by a projector which may be identified with the bosonic limit 
of the /{-symmetry projector for the superbrane. With this guideline in 
mind one may simplify, in a first stage, the search for a worldvolume ac- 
tion for a BPS preon in standard supergravity (or in a model minimally 
extending the standard supergravity) by discussing the bosonic limit that 
such a hypothetical action should have. 



4-5.2 BPS preons in D'Auria-Fre supergravity 

Consider [3] a symmetric spin-tensor one-form e al3 = e^ a = dx^e'jl (x), 
transforming under local supersymmetry as 

S e e ap = -2i^ a , (4.5.1) 

where ip a is a fermionic one-form, 

^« = dx^(x) , (4.5.2) 

which we may identify with the gravitino. Let us consider for simplicity 
the worldline action (cf. [148]) 

S = I X a (r)Xp(r)e^ 
Jw 1 

dr\ a (r) Xp(r) ef(x(r)) d T x^r) , (4.5.3) 



/ 

Jw 



'w 1 

where r parameterizes the worldline W 1 in D = 11 spacetime, e a @ := 
dTd T x^(T) e^f (x(t)) and A a (r) is an auxiliary spinor field on the worldline 
W 1 . The extended (p > 1) object counterpart of this worldline action is 
the following action for tensionless p-branes (cf. [149, 150]) 



p+i = / \ a \ppAe afS 
JWP+ 1 
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= [ <F +1 ip k \ a \pefd k x^ (4.5.4) 

JWP+ 1 

where /)(£) is a p-form auxiliary field, and p k {C) is the worldvolume vec- 
tor density (see [153, 154]) related to by p{£) = (l/p\)d£ j *> A ... A 

^ n Pn-jM = (VpO^' A ... A d^e n .., pk p k (0- 

The action (4.5.3) possesses all but one of the local spacetime super- 
symmetries 4 , equation (4.5.1), 31 for a, (3 = 1, ...,32 corresponding to 
D = 11. Indeed, performing a supersymmetric variation 5 £ of (4.5.3) 
assuming 5 £ X a (r) = 0, one finds 

S £ S = -2% [ 4> a X a (r) e%(r) . (4.5.5) 
Jw 1 

Thus, one sees that S £ S = for the supersymmetry parameters on W 1 
that obey (c/. (4.2.2)) 

e^Xpir) = {f := ^(^(t))) . (4.5.6) 

Equation (4.5.6) possesses 31 solutions, which may be expressed through 
worldvolume spinors ej a (r) (the worldline counterparts of the Killing 
spinors) orthogonal to A Q (r), ej a (T)X a (T) = 0, as 

£ /3 = £ J (r)e/ , 7=1,..., 31 , (4.5.7) 

for some arbitrary e^(r). The same is true for the tensionless p-branes 
described by the action (4.5.4). 

Thus, the actions (4.5.3), (4.5.4) possess 31 of the 32 local spacetime 
super symmetries (4.5.1) and, in the light of the discussion of the pre- 
vious subsection, can be considered as the spacetime counterparts of a 
superspace BPS-preonic action (hypothetical in the standard superspace 
but known [148, 155, 149, 150] in flat maximally enlarged or tensorial 
superspaces). 

The question that remains to be settled is the meaning of the symmet- 
ric spin-tensor one-form e al3 with the local supersymmetry transformation 
rule (4.5.1) in D = 11 supergravity. The contraction of e Q/3 with the Dirac 
matrix r a , 

e a = e a ^ , (4.5.8) 

may be identified with the D = 11 vielbein. Decomposing e a/3 in the 
basis of the D = 11 Spin(l, 10) gamma-matrices, 

= e^ a = ^(e a r f -jr^rg + ^-^rgf..^) , (4.5.9) 

4 Notice that when a brane action is considered in a supergravity background, the 
local spacetime supersymmetry is not a gauge symmetry of that action but rather a 
transformation of the background; it becomes a gauge symmetry only when a super- 
gravity action is added to the brane one so that supergravity is dynamical. 
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one finds [3] that e a/3 also contains the antisymmetric tensor one-forms 
B ab (x) = dx»B a J>(x) and B ai - a *(x) = dx^B^- a5 (x). Such fields, whose 
supersymmetry transformation properties follow from (4.5.9) and (4.5.1), 
also appear among the additional fields introduced in [92] in order to 
investigate the hidden gauge symmetry of D = 11 supergravity, which will 
be discussed in chapter 6. In this case, however, the degrees of freedom 
of the B fields in (4.5.3) will not be reduced by the gauge symmetry to be 
discussed in chapter 6. Thus, the action (4.5.3), preserving 31 out of 32 
super symmetries, could be treated as a worldline action for a BPS preon 
in the presence of supergravity with additional fields a la D'Auria and 
Fre [92]. 

The formulation of D = 11 supergravity due to D'Auria and Fre [92] 
is, actually, closely related to enlarged superspaces so, in this sense, it is 
not surprising that preonic branes would exist in such a context (given 
that preonic actions are known in enlarged superspaces, see [84] for a re- 
view). It is, then, worthwhile both to take a closer look at the D'Auria- Fre 
approach to supergravity and to further study actions for supersymmet- 
ric extended objects in enlarged superspaces. We shall, thus, turn our 
attention to these issues in chapters 6 and 7 respectively. In particu- 
lar, the symmetry algebras underlying the construction of supergravity a 
la D'Auria and Fre will be reviewed in chapter 6. These algebras were 
known to be fermionic central extensions of the M Theory superalgebra, 
but their expected relation to the orthosymplectic superalgebra osp(l\32) 
was quite unclear. In chapter 6 this relation will be discussed in terms of 
Lie algebra expansions, a new method of building up new algebras from 
given ones. It seems appropriate, then, to stop our physical discussion 
momentarily and open up a purely mathematical parenthesis to introduce 
the expansion method in the next chapter. 



5 
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Setting aside the problem of finding whether an algebra is a subalgebra of 
another one there are, essentially, three different ways of relating and/or 
obtaining new algebras from given ones: contractions, deformations and 
extensions. In this chapter we explore a fourth way to obtain new algebras 
of increasingly higher dimensions from a given one Q. The idea, originally 
considered in [156] in a less general context and developed in general in 
[4] (see also [5]) consists in looking at the algebra Q as described by the 
Maurer-Cartan (MC) forms 1 on the manifold of its associated group G 
and, after rescaling some of the group parameters by a factor A, in ex- 
panding the MC forms as a series in A. The resulting expansion method is 
different from the three above albeit, when the algebra dimension does no 
change in the process, it may lead to a simple Inonii-Wigner (IW) or IW- 
generalized contraction (see section 5.1), but not always. Furthermore, 
the algebras to which it leads have in general a higher dimension than 
the original one (hence the expansion name), in which case they cannot 
be related to it by any contraction or deformation process. 

A description of the expansion method is given in this rather technical 
chapter. Our main concern will be its application to Lie superalgebras, 
so we proceed step by step towards that goal. First of all, the brief review 
in section 5.1 of the three already known methods to obtain new Lie alge- 
bras from given ones will be useful in order to discuss the properties and 
structure of the algebras encountered in the rest of the chapter (and other 
parts of this Thesis). Section 5.2 introduces the expansion method for Lie 
algebras Q. When further assumptions are made about the structure of 
the original Lie algebras, the results provided by the expansion method 
are more interesting. That is why the existence of a subalgebra in Q is 
assumed in section 5.3, and the further existence of a symmetric coset is 

1 See section 2.1 of chapter 2 for the dual formulation of Lie algebras in terms of 
MC one-forms. 
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assumed in subsection 5.3.1. Section 5.4 generalizes in a convenient way 
the case in which Q contains a subalgebra, by assuming that there is a 
certain subspace splitting of Q. All these cases are actually combined in 
section 5.5 to discuss the expansions of Lie super algebras. The chapter 
concludes with an explicit example: the derivation of the M Theory alge- 
bra from an expansion of osp(l\32). Appendix B contains some technical 
details. This chapter follows closely references [4] and [5]. 

5.1 Three well-known ways to relate Lie (super) algebras 

Contractions 

The first one is the contraction procedure [157, 158, 159]. In its Inonii 
and Wigner (IW) simple form [158], the contraction Q c of a Lie algebra 
Q is performed with respect to a subalgebra Cq by rescaling the basis 
generators of the coset G / C$ by means of a parameter, and then by tak- 
ing a singular limit for this parameter. The generators in Q/Cq become 
abelian in the contracted algebra Q c , and the subalgebra Cq C Q c acts on 
them. As a result, Q c has a semidirect structure, and the abelian gen- 
erators determine an ideal of Q c ; obviously, Q c has the same dimension 
as Q. The contraction process has well known physical applications as 
e.g., in understanding the non-relativistic limit from a group theoretical 
point of view, or to explain the appearance of dimensionful generators 
when the original algebra Q is semisimple (and hence with dimensionless 
generators). This is achieved by using a dimensionful contraction param- 
eter, as in the derivation of the Poincare group from the de Sitter groups 
(there, the parameter is the radius R of the universe, and the limit is 
R — > oo). There have been many discussions and variations of the IW 
contraction procedure (see [160, 161, 162, 163, 164, 165] to name a few), 
but all of them have in common that Q and Q c have, necessarily, the same 
dimension as vector spaces. 

This procedure can be extended to generalized IW contractions in the 
sense of Weimar- Woods (W-W) [165]. These are defined when Q can be 
split in a sum of vector subspaces 

n 

g = v e Vi e ■ ■ ■ e v n = 0y s , (5.1.1) 

s=0 

(Vb being the vector space of the subalgebra Co), such that the following 
conditions are satisfied: 



<% jq =0 iis>p + q i.e. [V p ,V q ] C®K, s<p + q, (5.1.2) 

s 
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where i p labels the generators of Q in V p , and c^- are structure constants 
of Q. Then the W-W [165] contracted algebra is obtained by rescaling 
the group parameters as g' tp t— > X p g tp , p = 0, . . . ,n, and then by taking 
a singular limit for A. The contracted Lie algebra obtained this way, Q c , 
has the same dimension as Q. The case n = 1 corresponds to the simple 
IW contraction. 

Deformations 

The deformation of algebras, and Lie algebras in particular [166, 167, 
168, 169] (see also [170, 171]), allows us to obtain algebras close, but 
not isomorphic, to a given one. This leads to the important notion of 
rigidity [166, 167, 169] (or physical stability): an algebra is called rigid 
when any attempt to deform it leads to an equivalent (isomorphic) one. 
From a physical point of view, the deformation process is essentially the 
inverse to the contraction one (see [170] and the second ref. in [165]), and 
the dimensions of the original and deformed Lie algebras are again the 
same. For instance, the Poincare algebra is not rigid, but the de Sitter 
algebras, being semisimple, have trivial second cohomology group by the 
Whitehead lemma and, as a result, they are rigid. One may also consider 
the Poincare algebra as a deformation of the Galilei algebra, so that this 
deformation may be read as a group theoretical prediction of relativity. 
Thus, the mathematical deformation may be physically considered as a 
tool for developing a physical theory from another pre-existing one. 

Deformations are performed by modifying the r.h.s. of the original 
commutators by adding new terms that depend on a parameter t in the 
form 

oo 

[X,Y] t = [X,Y] + J2ui(X,Y)1* , X,Y£G, u>i(X,Y) £ Q . (5.1.3) 
i=i 

Checking the Jacobi identities up to 0(t 2 ), it is seen that the expression 
satisfied by u\ characterizes it as a two-cocycle so that the second Lie al- 
gebra cohomology group H 2 (Q, Q) of Q with coefficients in the Lie algebra 
Q itself is the group of infinitesimal deformations of Q. Thus H 2 (Q,Q) = 
is a sufficient condition for rigidity [166, 167, 168, 169]. 

Extensions 

In contrast with the previous procedures, the initial data of the extension 
problem include two algebras Q and A. A Lie algebra Q is an extension of 
the Lie algebra Q by the Lie algebra A if A is an ideal of Q and Q/A = Q. 
As a result, dim<5 = dimC? + dim .A, so this process is also 'dimension 
preserving'. 
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Given Q and A, in order to obtain an extension Q of Q by A it is 
necessary to specify first an action p of Q on A i.e., a Lie algebra ho- 
momorphism p : Q — > End*4. The different possible extensions Q for 
(Q,A,p) and the possible obstructions to the extension process are, once 
again, governed by cohomology (see [40] and references therein). To be 
more explicit, let A be abelian. The extensions are governed by H^(Q, A). 
Some special cases are: 1) trivial action p = 0, Hq(Q,A) / 0. These are 
central extensions, in which A belongs to the centre of Q; they are de- 
termined by non-trivial .A- valued two-cocycles on G, and non-equivalent 
extensions correspond to non-equivalent cocycles; 2) non-trivial action 
p / 0, Hp(Q,A) = (semidirect extension of Q by A); and 3) p = 0, 
H 2 (Q,A) = (direct sum of Q and A, Q = Q © A, or trivial extension). 

Well-known examples of extensions in Physics include the centrally 
extended Galilei algebra, which is relevant in quantum mechanics, or the 
M Theory superalgebra that, without the Lorentz automorphisms part, 
is the maximal central extension of the abelian D = 11 supertranslations 
algebra (see section 2.1 of chapter 2 and [82, 59, 85]). 

5.2 The expansion method 

Let G be a Lie group, of local coordinates g l , i = 1, . . . , r = dim G. Let Q 
be its Lie algebra 2 of basis {^Q}, which may be realized by left-invariant 
generators Xi(g) on the group manifold. Let Q* be the coalgebra, and let 
{u> z (g)}, i = 1, . . . , r = dimG be the basis determined by the (dual, left- 
invariant) Maurer-Cartan (MC) one-forms on G. Then, when [Xi,Xj] = 
c^jXk, the MC equations read 

du; k (g) = -^ J u; l (g)A^(g), i,j,k = l,...,r . (5.2.1) 

We wish to show in this section how we may obtain new algebras by 
means of a redefinition g l — ► Xg l of some of the group parameters and 
by looking at the power series expansion in A of the resulting one-forms 
w l (g, A). Let 6 be the left-invariant canonical form on G, 

9(g) = g- l dg = e~^ x ' de^ X ' = Jx* . (5.2.2) 

Since 

e~ A de A = dA + \ [dA, A] + i [[dA, A] , A] + I [[[dA, A] , A] , A] + . . . 

2 Calligraphic Q, C, W will denote both the Lie algebras and their underlying vector 
spaces; V, W etc. will be used for vector spaces that are not necessarily Lie algebras. 
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oo ^ 

= dA + E T^TW [• " ■ ^ 4, ■ • • ,4,4 > (5-2.3) 

n=l 

one obtains, for A = g k Xk, dA = {dgi)Xj, the expansion of 0(g) and of 
the MC forms u l (g) as polynomials in the group coordinates g l : 



%) 



4 + ^ c ^ fc 

+ o| C jfci c ^i^5 3 + A] c jk 1 c h 1 k 2 c h 2 k 3 9 9 9 + 



jig) 



6 j + ^ff fc 



(5.2.4) 



oo ^ 



n=2 



( n+ 1)1 S'fel ^lfe • • - C /ln-lfen-l hn-lk n 9 9 ■ ■ ■ 9 9 



Looking at (5.2.5), it is evident that the redefinition 
9 l - V 



(5.2.5) 
(5.2.6) 



of some coordinates will produce an expansion of the MC one-forms 
iv l (g, A) as a sum of one-forms oo l,a (g) on G multiplied by the correspond- 
ing powers X a of A. 

5.2.1 The Lie algebras G(N) expanded from G 

Consider, as a first example, the splitting of G* into the sum of two 
(arbitrary) vector subspaces, 



g* = V * Vf , 



(5.2.7) 



Vq, Vi being generated by the MC forms lo 1 ° (g), uj h {g) of G* with indices 
corresponding, respectively, to the unmodified and modified parameters, 

g io ^ g io j g h ^ Xg h ; i (i x ) = 1, . . . , dim V (dim Vi ) . (5.2.8) 

In general, the series of w l °(g, A) G V^*, u; n (g,A) G V"]*, will involve all 
powers of A, 



aAfo.A) = Y2\ a oj^ a (g) = uj i ^(g)+\uj i ^ 1 {g)+\ 2 oj i ^ 2 {g)+. . . , (5.2.9) 



Q = 
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for p = 0, 1 and Lo lp (g, 1) = Lo tp (g). We will see in the following sections 
what restrictions on Q make zero certain coefficient one-forms uj tp ' a . 

With the above notation, the MC equations (5.2.1) for Q can be rewrit- 
ten as 

dw k ° =-^c% jg > Auji" (p, g, * = 0,1) (5.2.10) 
or, explicitly 

dco k ° = --c k °, J° Au jo - c k \ uj io A (J-* 1 - -cf°, c> Au jl ,(5.2.11) 



Inserting now the expansions (5.2.9) into the MC equations (5.2.10) and 
using (B.l) in appendix B, the MC equations are expanded in powers of 
A: 



a=0 



o=0 



1 a 
9 %>J<3 Z / 



0=0 



(5.2.13) 



The equality of the two A-polynomials in (5.2.13) requires the equality 
of the coefficients of equal power X a . This implies that the coefficient 
one-forms u) tp,a in the expansions (5.2.9) satisfy the identities: 

1 a 

dw fc " a = -2 C iXJ2 ujl1 " 13 A£ ^" aH3 (P, 9,s = 0,l) . (5.2.14) 



We can rewrite (5.2.14) in the form 



dw k » a = -=-c: 



k s , a 



L P>P JQiI 



if + 7 / a 
if /? + 7 = a 

(5.2.15) 



We now ask ourselves whether we can use the expansion coefficients 
uj ko ' a , uj kl >P up to given orders N > 0, Aq > 0, a = 0, 1, . . . , N , (3 = 
0,1,..., Aq, so that equation (5.2.15) (or (5.2.14)) determines the MC 
equations of a new Lie algebra. The answer is affirmative. More precisely, 
the vector space generated by 

{t>'°, u io '\ . . . , u io ' N , i>°, c>\ . . . , w' 1 '*} , (5.2.16) 
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together with the MC equations (5.2.15) for the structure constants 
n k s ,a JO, if P + l¥= a 

C W^,7 = c*-. , if/3 + 7 = a (a,f3, 1 = l,...,N;p,q,s = 0,l), 

(5.2.17) 

determines a Lie algebra G(N) for each expansion order N > of dimen- 
sion dim £ (iV) = (N + 1) dim^ [4]. 
To see why, consider the one-forms 

{u io ' ao ; oo h ' ai } = {o^'V* ' 1 . • • ■ , w i0,JVb ; w <1,() , w* 1 ' 1 , • • ■ ,u h ' Nl } (5.2.18) 

where we have not assumed a priori the same range for the expansions of 
the one-forms of Vq and V£ . To see whether the vector space V*{Nq, Aq) 
of basis (5.2.18) determines a Lie algebra G(Nq,Ni), it is sufficient to 
check that a) the exterior algebra generated by (5.2.18) is closed 3 un- 
der the exterior derivative d and that b) the Jacobi identities for G are 
satisfied. 

To have closure under d we need that the r.h.s. of equations (5.2.15) 
does not contain one-forms that are not already present in (5.2.18). Con- 
sider the forms o/ s,/3s , s = 0, 1, that contribute to du ks ' as up to order 
a = N s . Looking at equations (5.2.14) it follows trivially that 

N = Aq (= N) . (5.2.19) 



To check the Jacobi identities for G(N), it is sufficient to see that ddoo ks,a = 
in (5.2.15) is consistent with the definition of C„ fes ',? ■ „ . Equation 
(5.2.15) gives 

Q = <%Su„<i£ mu ^ q " (a,P, 7 ,p,a = l,...,N) , 

(5.2.20) 

which implies 

c k s ,a c i P ,f3 Q _ (5.2.21) 

ip,PUq,l h,pm u ,a\ v ' 

Now, on account of definition (5.2.17), the terms in the l.h.s. above are 
either zero (when a / 7 + p + a) or give zero due to the Jacobi identities 

for G, c k \. c, p , = 0. Thus, the C^C- ^ satisfy the Jacobi identities 

' i P \jq hm u \ ' ip,IJ j q ,-y J 

(5.2.21) and define the Lie algebra G(N,N) = G{N) [4]. 

3 An algebra of forms closed under d defines in general a free differential algebra 
(FDA): see chapter 6 and references therein. 
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Explicitly, the resulting algebras for the first few orders are [4]: 
N = 0, 0(0): 

dco ks >° = —c^-J^ A c>>° (p, q, s = 0, 1) , (5.2.22) 

i.e., 0(0) reproduces the original algebra 0. 
AT=1, 0(1): 

d^fc-o = _Ic*. w v,o A j q ,o 

dcj^' 1 = -c^ jq uj ip '° A uA' 1 (p, q,s = 0, 1) 

AT = 2, 0(2): 

dw fc -° = -^cf%- £>'° A>° , (5.2.25) 
dw^'^-cf', ^Aw*" 1 , (5.2.26) 

Ipjq v / 

dw ks ' 2 = -c^ jq J^ A c>' 2 - ^c^oA' 1 A (p, 9, s = 0, 1) . (5.2.27) 

In sight of the above results, the following remark is in order. Since 
w ,! " (g) / io % f(g), one might wonder how the MC equations for 0(0) = Q 
can be satisfied by u> lp '°(g). The dim0 MC forms uj l p(g) are left-invariant 
forms on the group manifold G of Q. The (N + l)dim0 Lo ip ' a (g) (a = 
0,1,..., N) determined by the expansions (5.2.9) are also one-forms on G, 
but they are no longer left-invariant under G-translations. They cannot 
be, since there are only dim G = r linearly independent MC forms on G. 
Nevertheless, equations (5.2.15) determine the MC relations that will be 
satisfied by the MC forms on the manifold of the higher dimensional group 
G(N) associated with G(N). These MC forms on G(N) will depend on 
the (N + l)dim0(iV) coordinates of G(N) associated with the generators 
(forms) X ip:(x (c>' Q ) that determine Q{N) {Q*{N)). 

5.2.2 Structure of the expanded algebras Q{N) 

Let Vp, a be, at each order a = 0, 1, . . . , N, the vector space spanned by 
the generators Xj pjQ , p = 0, 1; clearly, V Pja ps V p . Let 

N 

W a = V , a ®V ha , 0(AT) = 0Wa • (5.2.28) 

a=0 

We first notice that Q{N — 1) is a vector subspace of G(N), but not a 
subalgebra for N > 2. Indeed, for N > 2 there always exist a, j3 < N — 1 



(5.2.23) 
(5.2.24) 
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such that a + (3 = N. Denoting by cf^'* and c\ N n ? « ' 7 the structure 
constants of Q{N) and Q{N— 1) respectively, one sees that, for a+(3 = N, 
C^~f g k p' a+f3 = in g(N - 1) (since a + /3 > AT - 1) while, in general, 

N l k j ,C p + ^ / in Q{N). In other words, Q{N — 1) is not a subalgebra 
of Q{N) because the structure constants for the elements of the various 
subspaces V P:a depend on N and they are different, in general, for Q(N—1) 
and £7 (AO- Likewise, £7(M) for 1 < M < N is not a subalgebra of G{N). 

We now show that the Lie algebras G(N) have a Lie algebra extension 
structure for N > 1. More precisely, the Lie algebra £7(0) is a subalgebra 
ofG(N), for all N > 0. For N > I, W N is an abelian ideal W N C G(N) 
and Q{N)/W N = G{N - 1) i.e., Q{N) is an extension of G(N - 1) by 
Wat which is not semidirect for N > 2 [4]. To prove this result, notice 
that G(0) C G{N) is a subalgebra by construction, since C^qj*'q = 0, 
a = 1,...,N, by equation (5.2.15). For the second part, notice that, 
since a + N > N for a / 0, [W Q , Wat] = 0; in particular, Wat is an 
abelian subalgebra. Furthermore [Wo, Wat] C Wat, so that Wat is an 
ideal of G(N). Now, the vector space G(N)/Wn is isomorphic to G(N—l). 
G(N — 1) is a Lie algebra the MC equations of which are (5.2.15), and 
G{N)/W N w £(7V - 1). Since £(7V - 1) is not a subalgebra of Q{N) for 
N > 2, the extension is not semidirect. 

5.^.5 Limiting cases 

Let us discuss the limiting cases Vq = 0,V\ = V and Vo = V, V\ = When 
Vi = V, all the group parameters are modified by (5.2.8). In this case 
G(0) is the trivial 0(0) = subalgebra of <?(JV). The first order N = 1, 
a/ 1 ' 1 = cig* 1 , corresponds to an abelian algebra with the same dimension 
as G (in fact, £7(1) is the IW contraction of G with respect to the trivial 
Vo = subalgebra) . For N > 2 we will have extensions with the structure 
in section 5.2.2. 

For the other limiting case, V\ = 0, there is obviously no expansion 
and we have £7(0) = £7. 

5.3 The case in which £7 contains a subalgebra 

Let £7 = Vo © V\ as before, where now Vq is a subalgebra Cq of £7. Then, 

4io = (V = 1, ■ ■ ■ , dim F p , p = 0, 1) , (5.3.1) 

and the basis one-forms u/° are associated with the (sub)group parame- 
ters g H> unmodified under the rescaling (5.2.8). The MC equations for £7 
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become 

duj kl) 



--c k °- c> A c> - c)\ J° A l> - -cf°, oj h A u jl , (5.3.2) 

-c fcl - c> A w J1 - -c kl - uj h A t> . 
Km 2 nn 



(5.3.3) 



Using (5.3.1) in equation (5.2.5), one finds that the expansions of 
uj io (g,X) (^(g, A)) start with the power A (A 1 ): 



<>( fl , A) = X a >' a (g) = u io '°{g) + Aa/ 0,1 (g) + AV ' 2 ( 9 ) + . . . 

a=0 

(5.3.4) 

oo 

^ (g, X) = J2 X*«> iua (9) = ^\g) + AV 1 ' 2 ^) + A 3 c> 3 (<7) + . . . . 

(5.3.5) 



a=l 



Inserting them into the MC equations (5.3.2) and (5.3.3) and using equa- 
tion (B.l) of appendix B when the double sums begin with (0,0), (0,1) 
and (1, 1), we get 



J2 a 



a=0 



\c k °, t>'° A>'° 
2 wo 



io,0 A w jo,l _ c feo w <o,0 A ^i,l 



a=2 



1 Q 
9 Wo Z_> 



0=0 



»0J1 



a-1 



1 a— 1 

9 «Ui 



,/3 A Jua-P 



0=1 



(5.3.6) 



io,0 a 



o=2 



Wl 



a— 1 ^ a— 1 

/3=0 " 0=1 



(5.3.7) 
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Again, the equality of the coefficients of equal power X a in (5.3.6), (5.3.7) 
leads to the equalities: 

a = 0: 

duj ko '° = -^c^ o >'° A o>'° ; (5.3.8) 
a = 1: 

dw kQ ' 1 = -cf°, i>'° A J ' 1 - c k{ \ l>'° A J 1 ' 1 , (5.3.9) 

^.U-c^A/. 1 ; (5.3.10) 

a > 2: 



= _I c feo y A _ c feo V- io,/3 A u h,a-0 

2 wo / / »oji / / 

/3=0 /3=0 

1 a— 1 

-2 c iiE w,1,/,Aw31 '^' ( 5 - 3 - n ) 

0=1 

a— I 1 a— 1 

du kl ' a = -c k l h J2 w*° ,/9 A w J ' 1 ' Q - /3 - -cj^ A c> a ^ . (5.3.12) 

0=0 ' 0=1 

To allow for a different range in the orders a of each lo %V)OL , we now 
denote the coefficient one-forms in (5.3.4) ((5.3.5)) (a/ 1 ' 01 ), ao = 

0, 1, . . . , No (ct\ = 1, 2, ... , Ni). With this notation, the above relations 
take the generic form 

= _^ c k s ,a s j p ,0 p Auj j q ,i q (5.3.13) 

where 

p,q,s = 0, 1 

fe s ,a s _ / 0> if (3 P + 7 9 + ol s i p q s = 1, 2, . . . , dim V p ^ s 



C 

i P ,a pjq , aq \c ks pjq , \if3 p + lq = a s a ,/?o,7o = 0,1,...,A 

«i,/?i,7i = 1,2, . . . , Ni . 

(5.3.14) 

As in the preceding case, we now ask ourselves whether the expansion 
coefficients to a given order Nq,Ni determine the MC 

equations (5.3.13) of a new Lie algebra Q(Nq, Ni). It is obvious from 
(5.3.8) that the zeroth order of the expansion in A corresponds to Ao = 
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{co io ' ao ; u h ' ai } 



{i>°, u io '\ u>' 2 , uo io ' No ; J 1 ' 1 , J 1 ' 2 , . . . , u n ' m } . 



= N\ (omitting all to n,ai and thus allowing Ni to be zero), and that 
G(0,0) = Cq. It is seen directly that the terms up to first order give 
two possibilities: £(0,1) (equations (5.3.8), (5.3.10) for u ka '° , cj* 1 ' 1 ) and 
0(1,1) (equations (5.3.8), (5.3.9), (5.3.10) for u k °'° , u^' 1 , u^ ' 1 ). Thus, 
we see that now (and due to (5.3.1)) one does not need to retain all 
uj l P' a p up to a given order to obtain a Lie algebra. To look at the general 
No > 0, N\ > 1 case, consider the vector space V* (Nq, Ni), generated by 

; ii,iVn 

(5.3.15) 

To see that it determines a Lie algebra Q (Nq ,N{) of dimension 

dima(Ar ,7Vi) = (jV + l)dimy + A^idimVi , (5.3.16) 

we first notice that the Jacobi identities in G(Nq,Ni) will follow from 
those in Q. To find the conditions that Nq an d Ni must satisfy to have 
closure under d, we look at the orders P p of the forms uj tp,l3p that appear 
in the expression (5.3.13) of du> ks,as up to a given order a s > s. Looking 
at equations (5.3.8) to (5.3.12) we find the following table: 



a s > s 




dw k °' a ° 
duj kl ' ai 


Po < «o Pi< «o 
Po < al - 1 Pi < oi\ 



Table 5.1. Orders (3 P of the forms a/ 3 " ,3p that contribute to du> ks ' as 

Since there must be enough one-forms in (5.3.15) for the MC equa- 
tions (5.3.13) to be satisfied, the iVo + 1 and iVi one- forms uj lo,ao (ao = 
0,1,..., N ) and Lu h ' ai (a x = 1, 2, . . . , Ni) in (5.3.15) should include, at 
least, those appearing in their differentials. Thus, the previous table 5.1 
implies the reverse inequalities 



a s > s 




duj k °' ao 
du kl ' ai 


No > N Ni> N 
N > Ni - 1 Ni>Ni 



Table 5.2. Conditions on the number iV (iVi) of one-forms t>' a ° (u/ 1 '" 1 ) 

Hence, in this case there are two ways of cutting the expansions (5.3.4), 
(5.3.5), namely for 



or 



Ni 
Ni 



No , 
No + l. 



(5.3.17) 
(5.3.18) 
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Besides (5.2.19) there is now an additional type of solutions, equa- 
tion (5.3.18). For the iVo = 0,N± = 1 values equation (5.3.16) yields 
dim £7(0, 1) = dim £7. Then, ao = and ct\ = 1 only, the label a p may be 
dropped and the structure constants (5.3.14) for £7(0, 1) read 

C k ° = { °L if ^ + ^ s P = °> 1 (5319) 
lp3q I C W ' li P + 1 = s h,q,s = !, 2 , ■ • • , dim V p ^ s , 

which shows that V\ is an abelian ideal of £7(0, 1). Hence, £7(0, 1) is just 
the (simple) IW contraction of £7 with respect to the subalgebra Cq, as it 
may be seen by taking the A — > limit in (5.3.6)-(5.3.7), which reduce to 
equations (5.3.8) and (5.3.10). 

To summarize, let £7 = Vq © V\, where Vq is a subalgebra £$ and 
let the coordinates g tp of G be reseated by g l ° — ► g l ° , g %1 — > Xg n ( equa- 
tion (5.2.8)). Then, the coefficient one-forms {uj l0,a ° , cj ll ' ai } of the ex- 
pansions (5.3.4), (5.3.5) of the Maurer-Cartan forms of Q* determine 
Lie algebras Q(Nq,Ni) when N\ = Nq or N\ = Nq + 1 of dimension 
dim£7(A r o, Ni) = (Nq + 1) dim Vq + iV"idim V\ and with structure constants 
(5.3.14), 



p,q,s = 0, 1 

0, if/3 p + 7 9 /a s i P ,q,s = 1,2,... , dim V^,,,,, 
ivA i 9 ,7 9 \ c ^ jq , if p + 7 , = a, a , A), 7o = 0, 1, . . . , N 

oti, Pull = 1,2, . . . , Ni . 

In particular, £7(0,0) = £0 and £7(0, 1) (equation (5.3.18) for Nq = 0) is 
the simple IW contraction of £7 with respect to the subalgebra Cq [4]. 

5.3.1 The case in which £7 contains a symmetric coset 

Let us now particularize to the case in which Q/£q = V± is & symmetric 
coset i.e., 

[V , V ] C V , [V , Vx] C Vi , [V u V ± ] C V , (5.3.20) 

([Vp, V q ] C V p+q , (p + g)mod2). This applies, for instance, to all superal- 
gebras where Vo is the bosonic subspace and V\ the fermionic one. Then, 
if c^j (p, q, s = 0, 1; i p = 1, . . . dim VJ,) are the structure constants of £7, 

c ipj q = ^ s / (p + <z)mod 2, the MC equations reduce to 

du kl = ~c k l h uj io A oj jl . (5.3.22) 
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In this case, the rescaling (5.2.8) leads to an even (odd) power series in 
A for the MC forms u io (g,X) (^(g, A)): 

u>(<7,A) = W ! »' (g)+AV»' 2 ( ff )+AV»' 4 ( ff ) + ... 

^(g,X) = Au/ 1 > 1 (s)+AV 1 ' 3 ( 5 ) + AV 1 ' 5 (< ? ) + ... , (5.3.23) 

namely, Lo l °(g, A) = Yl^=o X a uj' l ^ a (g) ; a = a (mod 2). 

Indeed, under (5.2.8) dg l ° — ► dg l ° , dg %x — > Xdg 11 , which contributes 
with A (A) to LO l °(g, A) (w n (3, A)); c*^ fcs vanish trivially unless p = (g + 

s)mod2 . Then, under (5.2.8), the g ks dgi q terms in (5.2.5) with one g ks 
rescale as 

P = : cJ oko g k °dgi° - , J*dg* - A 2 c^ ^c^ 1 ; 

p = l : c^fi^^A^/ 1 ^, (5.3.24) 

so that the powers A and A 2 (A) contribute to w l0 (g, A) (u; n (<7, A)). For 
the terms in (5.2.5) involving the products of n g ks, s, 

the fact that Tq = Q/Cq is a symmetric space requires that p = q + 
si + S2 • • • + s n (mod2). Thus, after the rescaling (5.2.8), only even (odd) 
powers of A, from A (A) up to the closest (lower or equal to) n + 1 even 
(odd) power A n+1 , contribute to u l °(g, A) (u) ll (g,\)). 

Structure of G(Nq, Aq) m the symmetric coset case 

Inserting the power series above into the MC equations (5.3.21) and 
(5.3.22), we arrive at the equalities: 

1 ° 

2 wo / / 

P =o 

1 CT 

-gC&i S W<1,2P-1 A wil,2(<r_P)+1 > (5.3.26) 
P =i 

^fc ll2CT +i = _ c k^ J°> 2p A ujh,2(«-p)+i } (5.3.27) 

p=0 

where the expansion orders a are either cc = 2<r or a = 2a + 1. From 
them it follows that the vector spaces generated by 

{i>°, >' 2 ,u>' 4 , . . . , w* '^ ; u/ 1 ' 1 , J 1 ' 3 , . . . , w* 1 ^ 1 } , (5.3.28) 
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where Nq > (and even) and N± > 1 (and odd), will determine a Lie 
algebra when 

Ni = N Q - 1 , (5.3.29) 

or iVi = JV + 1 . (5.3.30) 

Notice that we have a new type of solutions (5.3.29) with respect to 
the preceding case (equations (5.3.17), (5.3.18)), and that the previous 
solution Nq = N\ is not allowed now since Nq (Ni) is necessarily even 
(odd). Then, for the symmetric case, the algebras Q(Nq, N\) may also be 
denoted G(N), where N = max{iVo, N\}, and are obtained at each order 
by adding alternatively copies of Vq and V\. Its structure constants are 
given by 



Jo, if (3 + 7 ^ a 

| c^_, if (3 + 7 = a ; a, 0, 7 = a, (3, 7 (mod2) . ( 5 " 3 - 31 ) 



Let us write explicitly the MC equations for the first algebras ob- 
tained. If we allow for N± = 0, we get the trivial case 

0(0,0) = g(oy. 

duj kQfi = A t>'° (5.3.32) 

i.e., 0(0,0) is the subalgebra Cq of the original algebra Q. 
0(0,1) =0(1): 

dujkofi = _I c fc u i fi A ^0,0 j (5.3.33) 
2 ojo 

duj kl ' 1 = -c^y ' A J 1 ' 1 , (5.3.34) 

so that 0(0, 1) is again the IW contraction of Q with respect to Cq. 
0(2,1) =0(2): 

<ft>,o = _ \c f° , t>'° A u>'° , (5.3.35) 
dco kl ' 1 = -c^ j y o '° A J 1 ' 1 , (5.3.36) 

duJ ko,2 = _ c k^y ,0 A J ,2 _ A W*' 1 . (5.3.37) 

The structure of the Lie algebras Q[N) can be summarized as follows. 
The Lie algebra 0(0) = Co is a subalgebra of Q{N) for all N > 0. W a in 
(5.2.28) reduces here to 

W a =\Vo,a, if a even 

1 VL Q if « odd . v ' 
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For N>1,W N is an abelian ideal W N ofQ(N) and Q{N)/W N = Q{N - 
1), i.e., Q{N) is an extension of Q{N — 1) by Wn- Further, for N even 
and Cq abelian, the extension Q{N) of Q(N — 1) by Wn is central [4]. 
The proof of the first part of the claim proceeds as in section 5.2.2. For 
the second part, notice that, for N > 1, the only thing that prevents 
the abelian ideal Wn from being central is its failure to commute with 
W ~ C , since [W a , W N ] = for a = 1, 2, . . . , N. But for N even, 
Cf ^- m = c l ,„ j which vanish for Co abelian. Thus Wn becomes a 
central ideal, and Q(N) a central extension of Q(N — 1) by Wn- 



5.4 Rescaling with several different powers 

Let us extend now the above results to the case where the group param- 
eters are multiplied by arbitrary integer powers of A. Let Q be split into 
a sum of n + 1 vector subspaces, 



Q = Vo®V 1 ® ■ ■ ■ ®V n = ($V P , (5.4.1) 



and let the rescaling 

g 10 - g 10 , g 11 - \g 11 , • • • , g ln - \ n g in 

(g ip ^AV P , P = 0,...,n) (5.4.2) 

of the group coordinates g tp be subordinated to the splitting (5.4.1) in an 
obvious way. We found in the previous section (p = 0, 1) that, when the 
rescaling (5.2.8) was performed, having Vq as a subalgebra Co proved to be 
convenient (though not necessary) since it led to more types of solutions 
((5.3.17)-(5.3.18),c/. (5.2.19)). Furthermore, the first order algebra 0(0, 1) 
for that case was found to be the simple IW contraction of Q with respect 
to Co. By the same reason, we will consider here conditions on Q that 
will lead to a richer new algebras structure, including the generalized IW 
contraction of Q in the sense [165] of Weimar- Woods (W-W). In terms 
of the structure constants of Q we will then require that they fulfil the 
condition (5.1.2), namely, 

c£ ja =0 iis>p + q (5.4.3) 

i.e., that the Lie bracket of elements in V p , V q is in (B s Vs f° r s £ P + Q- 
This condition leads, through (5.2.5), to a power series expansion of the 
one-forms uj %p in V* that, for each p = 0,1, ... ,n, starts precisely with 
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the power X p , 

oo 

i>(0, \) = J2 A^ l0 ' Q (5) = >'°(</) + Xu} io,1 (g) + \ 2 J°> 2 {g) + ... , 

(5.4.4) 

oo 

^ (g, \) = J2 ^ lua (a) = ^ h '\g) + aV^g?) + AV 1 ' 3 ^) + . . . , 

(5.4.5) 



a=l 



(jinfa A) = X*v in ' a (g) = X n u in ' n (g) + X n+1 uj in ' n+1 (g) + ... 



(5.4.6) 



We may extend all the sums so that they begin at a = by setting 
uj %p < a = when a < p. Then, inserting the expansions of Lo tp,a in the MC 
equations and using (B.l) we get (5.2.14) for p,q, s = 0,1, ... ,n. If we 
now introduce the notation uj lp ' ap with different ranges for the expansion 
orders, a p = p, p+ 1, . . . N p for each p, we see that the MC equations take 
the form 



2 V'PP J<7'7<? 



(5.4.7) 



where 



C 



k s ,a s 

ipiPp jq-Tfq 



,n 



0, if(3 p + j q ^a s P,Q,s -0,1,. 

(5.4.8) 

and the c^- satisfy (5.4.3). To find now the uj tp ' l3p, s that enter duj ks ' aa , 
s = 0, 1, . . . ,n, we need an explicit expression for it. This is found in 
appendix B, equations (B.7)-(B.10). From them we read that duo ks ' as , 
s = 0,1, ... ,n, is expressed in terms of products of the forms u lp ' /3p in 
the following table: 



Ots > S 








^2, ft 




duj ko ' ao 


A) < ao 




/Si < a 


P2 < ao 


/8n < a 




/So < ai - 


1 


/Si < Ql 


< Qi 


/3„ < Ql 


duo k2 ' a2 


A) < Q2 - 


2 


/3i < a 2 - 1 


/S2 < Q2 


/3„ < Q2 




A) <««- 


n 


/Si < £<« — n + 1 


(h < a n — n + 2 


/?„ < a„ 



Table 5.3. Types and orders of the forms a/ r " ,3p needed to express doj 
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Now let V*(No, . . . , N n ) be the vector space generated by 
{t>' ao ;u/ 1,Q1 ; . . . = 

= {t>'^u>'\%t 1 ,c>' Aro ; u iul ,?i\,u iuNl ; u in ' n , N ^r. n .+ 1 ,J n ' Nn ] . 

(5.4.9) 

These one-forms determine a Lie algebra G{Nq, Ni, . . . , N n ), of dimension 

n 

dimG(N ,..., N n ) = ^2{N p -p+l) dim V p . (5.4.10) 

More precisely, let Q = Vq © V± © ■ ■ ■ © V n be a splitting of Q into n + 1 
subspaces and letQ fulfil the Weimar-Woods contraction condition (5.4-3) 
subordinated to this splitting, c^- =0 if s > p + q. The one-form coeffi- 
cients uj % p ,a p of (5.4-9) resulting from the expansion of the Maurer-Cartan 
forms uj 1 p in which g l P — ► \ p g lp , p = 0, . . . ,n (equation (5.4-2)), deter- 
mine Lie algebras G(Nq, Ni, . . . , N n ) of dimension (5.4-10) and structure 
constants 



l p3q 



u p ,l3p,jp = p,p+ 1,...,N P , 



(equation(5.4.8)) if N q = N q+1 or N q = N q+1 - 1 = 0, 1, . . . , n - 1) 
in (Nq, Ni, . . . , N n ). In particular, the N p = p solution determines the 
algebra £7(0, 1, . . . ,n), which is the generalized Indnu-Wigner contraction 
of 9 [*]. 

Let us prove this statement. To enforce the closure under d of the 
exterior algebra generated by the one-forms in (5.4.9) and to find the 
conditions that the various N p must meet, we require, as in section 5.3, 
that all the forms uf" p ^ v present in dw ks,cis are already in (5.4.9). Looking 
at equations (B.7)-(B.10) and at table 5.3 above, we find the restrictions 



a s > s 










lj 1 




duj ka ' aa 


N > N 




JVi > iVo 


N 2 >N 


■ N n 


> No 


duj kl ' ai 


No > iVi - 


1 


JVi > JVi 


N 2 >N! 


■ N n 


> Ni 


do/ 2 '" 2 


N >N 2 - 


2 


JVi > N 2 - 1 


N 2 >N 2 


■ N n 


> N 2 




N >N n - 


n 


iVi > N n - n + 1 


N 2 >N n -n + 2 ■ 


■ N n 


> N n 



Table 5.4. Closure conditions on the number N p of one-forms nj lf " c<p 

It then follows that there are 2 n types of solutions 4 characterized by 
(JV ,JVi,...,jV n ), N p >p, p = 0, 1, . . . , n, where 

4 This number may be found, e.g. for n — 3, by writing symbolically the solution 
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N q+1 =N q or N q+1 = N q + 1 (q = 0, 1, . . . , n - 1) . (5.4.11) 
The Jacobi identities for G{N$, . . . , N n ), 

£ik s ,a a £jip,f3p _ q 

£jk s ,a s £jk s ,ots ^jipiftp _j_ £fk s ,a s ^ji p ,j3p 

ip,@P jq>7q h,ptm u ,a u ' i p ,f3 p m u ,a u j q ,"/ q h,pt ip,/3 p h,pt rn u ,a u j q ,7 q ' 

(5.4.12) 

are again satisfied through the ones for Q. This is a consequence of the 
fact that, for Q, the exterior derivative of the A-expansion of the MC 
equations is the A-expansion of their exterior derivative, but it may also 
be seen directly. 

Indeed, we only need to check that (5.4.12) reduces to the Jacobi 
identities for Q when the order in the upper index is the sum of those 
in the lower ones since the C"s are zero otherwise. First we see that, 
when a s = j q + pt + a u , all three terms in the r.h.s. of (5.4.12) give non- 
zero contributions. This is so because the range of j3 p is only limited by 
(3 P < a s , which holds when /3 P = p t + a u , (5 P = j q + p t and f3 p = a u + j q . 
Secondly, and since j3 p > p, we also need that the terms in the i p sum 
that are suppressed in (5.4.12) when p > [3 P be also absent in the Jacobi 
identities for Q so that (5.4.12) does reduce to the Jacobi identities for 
Q. Consider e.g., the first term in the r.h.s. of (5.4.12). If p > f3 p , then 
p > pt + (J u and hence p > t + u. Thus, by the W-W condition (5.4.3), 
this term will not contribute to the Jacobi identities for Q and no sum 
over the subspace V p index i p will be lost as a result. The argument also 
applies to the other two terms for their corresponding f} p s. 

A particular solution to (5.4.11) is obtained by setting N p = p, p = 
0,1, ... ,n, which defines £?(0, 1, . . . ,n), with dim^(0, 1, . . . ,n) = dmiQ = 
r (from (5.4.10)). Since in this case a p takes only one value (a p = N p = p) 
for each p = 0,1,..., n, we may drop this label. Then, the structure 
constants (5.4.8) for Q(0,1, . . . ,n) read 



C k s J 0, ifp + q^s p = 0,l,...,n 

^vJq 1 c\; 3q , \ip + q = s z P)9 , s = l,2,...,dimy P)?)S , { ^ L6) 



types in (5.4.11) as [0,0,0,0] for N = JVi = N 2 = N 3 ; [0,0,0,1] for N = iVi = 
N 2 , N 3 = N 2 + 1; [0,0,1,0] for N {) = JVi , N 2 = iVi + 1 = N 3 ; [0,0,1,1] for N = N!,N 2 = 
JVi + 1,N 3 =N 2 + 1; [0,1,0,0] for iV ,iVi = iV + 1 = iV 2 = N 3 ; [0,1,0,1] for No, Ni = 
No + 1 = N 2 ,N 3 =N 2 + 1; [0,1,1,0] for JV ,JVi = N + 1, N 2 = iVi + 1 = N 3 and [0,1,1,1] 
for JVo, JVi = N + 1, N 2 = Ni + 1, N 3 = N 2 + 1. This notation numbers the solutions 
in base 2; since [0,1,1,1] corresponds to 2 3 — 1 we see, adding [0,0,0,0], that there are 
2 3 ways of cutting the expansions that determine Lie algebras Q(No, Ni, N 2 , N 3 ), and 
2 n in the general G(N , iVi, . . . , JV„) case. 
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which shows that £7(0, 1, . . . , n) is the generalized IW contraction of Q, in 
the sense of [165], subordinated to the splitting (5.4.1). Of course, when 
n = 1 (p = 0, 1), V = Vo © Vi, Cq is a subalgebra and equations (5.4.11) 
((5.4.13)) reduce to (5.3.17) or (5.3.18) ((5.3.19)), what concludes the 
proof of the statement. 

For instance, for the case Q = Vo © V± © V 2 there are four types of 
algebras 5 g(N ,N 1 ,N 2 ) 

N = iVi = N 2 (5.4.14) 

AT = iVi = iV 2 - 1 , (5.4.15) 

N = Ni - 1 = N 2 - 1 , (5.4.16) 

iV = Ni - 1 = N 2 - 2 . (5.4.17) 

Since in the above theorem a p > p for all p = 0, . . . , n was assumed, all 
types of one-forms uj l ^ a p with indices i p in all subspaces V p were present 
in the basis of Q(Nq, Ni, . . . , N n ). However, one may consider keeping 
terms in the expansion up to a certain order I, I < n in which case due to 
(5.4.6), the forms u; l p> a p with p > I will not appear. Those with p < I will 
determine the vector space V*(Nq, Ni, . . . , Ni) where N is the highest 
order I and hence a/ takes only the value Ni = I = a/. This vector space, 
of dimension 

l 

dimV*(N ,...,N l ) = J2( N p-P + 1 )&mV p , (5.4.18) 

p=0 

determines a Lie algebra G(Nq, N±, . . . , N{), as claims the following state- 
ment. 

Let Q = ©o^ ; satisfy the Weimar-Woods conditions (5.4-3). Then, 
up to a certain order iVj = I < n, the one-forms 

{u io ' ao ;u il ' ai ;...;uj il ' a '} = 

= {uj io ' ,oo io '\ N P+\u; io ' No ; , u/ 1 '^ 1 ; ...;u il ' Nl } , (5.4.19) 

where iVj = I = a\, determine a Lie algebra Q(Nq, N\,...N{) of dimension 
(5.4-18) and structure constants given by 



(5.4.20) 



0, iil3 p + lq ^a s P.?,*-0,l,...,i 



5 With the notation of footnote 4, these correspond, respectively, to [0,0,0], [0,0,1], 
[0,1,0] and [0,1,1]. 



5.5 Superalgebra expansions 



89 



ifN q = N q+1 orN q = N q+1 -\, (q = 0, 1, . . . , I - 1) [4]. 

To see that this is indeed the case, notice that the restriction a p < 
Ni = I < n on the order a p of the one- forms uj ip ' ap implies, due to 
(5.4.6), that Vi is monodimensional and that oj h ' 1 is the last form entering 
(5.4.19). Then, looking at the closure conditions in table 5.4, we can 
restrict ourselves to the box delimited by u' ! "' 3p , dui ks,as with p, s < I. 
This box will give spaces V*(Nq, Ni, . . . , N), where N q = N q+ i or N q = 
N q+ \ — 1 (q = 0, 1, ... ,1 — 1), and these spaces will determine Lie algebras 
if the Jacobi identities for (5.4.20) 

c k s ,a s c i P ,f3 P Q • = i 2 ,...,dimK„ s (5.4.21) 

i.e., if Ci°y q Ci P tmu ] = 0, s,q,t,u < I, is satisfied when a s = j q + p t + o u 
above. Note that this is not the Jacobi identities for Q since i v now runs 
over the basis of ® l V p C Q only since p < I, and we are thus removing 
the values corresponding to the basis of ® 1 l +1 V p . However, if p > I it is 

also e.g. p > (3 P = pt + o~ u > t + u in which case = by (5.4.3), 

what concludes the proof. 

Notice that, since the structure constants (5.4.20) are obtained from 
those of Q by restricting the i p indices to be in the subspaces V p , p < I, 
G(N , Ni,...,Ni)is not a subalgebra of G(N , N lf . . . , N n ). 

5.5 Superalgebra expansions 

The above general procedure of generating Lie algebras from a given 
one does not rely on the antisymmetry of the structure constants of the 
original Lie algebra. Hence, with the appropriate changes to account for 
the grading, the method is applicable when Q is a Lie superalgebra, a 
case which we consider explicitly in this section. 

Let G be a supergroup and Q its superalgebra. It is natural to consider 
a splitting of Q into the sum of three subspaces Q = Vq @ V± © Vi, V\ being 
the fermionic part of Q and Vo © V2 the bosonic part, so that the notation 
reflects the ^-grading of Q. The even space is always a subalgebra of Q 
but it may be convenient to consider it further split into the sum Vq © Vi 
to allow for the case in which a subspace (Vo) of the bosonic space is itself 
a subalgebra Cq. 

Notice that, since Vq is a Lie algebra Cq, the ^-graduation of Q 
implies that the splitting Q = Vq © V\ © V2 satisfies the W-W contraction 
conditions (5.4.3). Indeed, let c^- (ip,q,s = L • • • , dim V Pt q tS , p,q,s = 
0,1,2) be the structure constants of Q. The ^-graduation of Q obviously 
implies 
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ioji 



c kl - 

W2 



"1231 



c h2 - 

12J1 



c kl - 







(5.5.2) 



The first set of restrictions (5.5.1), together with the assumed subalgebra 
condition for Vq (which, in addition, requires c^- o = 0), are indeed the 
W-W conditions (5.4.3) for Q; note that these conditions alone allow for 



cf xh ± 0, and cf xh + (and for cj^ + 0, although here cf xh = due to 
the ^-grading). 

To apply now the above general procedure one must rescale the group 
parameters. The rescaling (5.4.2) for V = Vq © V\ © V 2 takes the form 



9 



10 



2J 2 



(5.5.3) 



The present ^-graded case fits into the preceding general discussion for 
n = 2, but with additional restrictions besides the W-W ones that fol- 
low from the ^-grading. This situation is described by the following 
statement. 

Let Q = Vq © Vi © V 2 be a Lie superalgebra, V\ its odd part, and Vq © V 2 
the even one. Let further Vq be a subalgebra Cq. As a result, Q satisfies 
the W-W conditions (5.4-3) and, further, V\ is a symmetric coset. Then, 
the coefficients of the expansion of the Maurer-Cartan forms of Q rescaled 
by (5.5.3) determine Lie superalgebras G(Nq, N±, N 2 ), N p > p, p = 0, 1, 2, 
of dimension 



dimg(iVo,jVi,iV 2 ) = 



No + 2 



dimVb + 



iVi + 1 



dimVi + 



N 2 



dimV2 , 
(5.5.4) 



and structure constants 



C 



ip$P jq-Hq 



if (3 P + 7 9 / a s 
a. 



p,q,s = 0, 1,2 



"p,q,s 



1,2,... ,dimVp j( 



(5.5.5) 



and a p , (3p,^/ p = p,p+2, . . . , N p — 2, N p , where [ ] denotes integer part and 
the No,N 2 (even) and N\ (odd) integers satisfy one of the three conditions 
below 



No 
No 
No 



iVi + 1 
Ni - 1 
Ni - 1 



N 2 
N 2 
N 2 



2 . 



(5.5.6) 
(5.5.7) 
(5.5.8) 



In particular, the superalgebra G(0, 1,2) (equation (5.5.8) for Nq = 0) is 
the generalized Indnu- Wigner contraction of Q [4] . 
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Indeed, since V\ is a symmetric coset the rescaling (5.5.3) leads to 
an even (odd) power series in A for the one- forms lo 1 ° (g, A) and u/ 2 (g, A) 
(uj 11 (g, A)), as in Sec. 5.3.1 (equations (5.3.23)). Thus, the conditions 
Nq,N2 even, N\ odd, have to be added to those that follow from the 
closure inequalities in table 5.4. This gives the conditions 

N + 1 > > N Q - 1 (5.5.9) 
Ni + 1 > N 2 > iVi - 1 (5.5.10) 
N + 2 > N 2 >N , (5.5.11) 

from which equations (5.5.6)-(5.5.8) follow. 



5.6 The M Theory superalgebra as an expansion of osp(l|32) 

Let us work out an explicit example to illustrate the expansion method. 
The M Theory superalgebra (see section 2.1 of chapter 2 and references 
therein) is sometimes regarded (see e.g. [59]) as an IW contraction of the 
superalgebra osp{\\2>2). That is indeed the case if the 55 Lorentz genera- 
tors are excluded, otherwise there are not enough generators in osp(l\32) 
to give the M-algebra by the dimension-preserving method of contrac- 
tion (see section 5.1). In other words, the M Theory superalgebra, when 
its Lorentz automorphism generators are included, £( 528 l 32 ) x so(l, 10), 
cannot be obtained as a contraction of osp(l\32). Let us show that, in 
contrast, the former is an expansion of the later [4]. 

The orthosymplectic superalgebra is defined by the 528 bosonic MC 
forms p a/3 = fP a of the symplectic algebra sp(32) and by the 32 fermionic 
MC forms u a satisfying the MC equations 

dp a P = -ip a 1 A p 7/3 - iv a A 

dv a = —ip a p A v 13 {a, (3= 1, . . . , 32) . (5.6.1) 

The spinor indices are raised and lowered by the 32 x 32 symplectic form 
C a /3, which can be interpreted, as in section 2.1, as the D = 11 charge 
conjugation matrix. It is useful to use Dirac matrices to decompose p a/3 
as 

p «/3 = £ (>r a - ±p ab r ab + y^- a 5 r ai ... a5 ) a/3 . (5.6.2) 

In terms of the one- forms p a , p ab , p ai --- a -> entering the decomposition 
(5.6.2) of p^ the MC equations (5.6.1) of osp(l|32) can be rewritten as 

dpa = -jQpn/\p b a + M^lF^ 1 "' 61 " 'afl>i...b 5 A Pb 6 ...b 10 ~ V a (T a ) a p A , 



92 



5 Interlude: Lie algebra expansions 



dpab — ~Je e a A — JqPcic A p° b — i6(4!)Paci...c 4 A p C4 '" Cl b 



dp, 



ai ...05 



_ 1 ,bci...C5 



16(5! 



ai...a5 



Pb Ap, 



5 J> 



C1...C5 



+ T6^ [ 



16^ [ai...a 4 



A Pa 5 ]b 



+ 4(4!)2 e6l '" 66 a 1 ...a 5 Pbib2b3CiC2 A p° 2Cl b 4 b 5 b 6 ~ ^ (^ai ...ag )a/3 A , 



4(4!) 



ciz/ a 



J_ 

32 



P 1 a 2" 1 ab T 51 ^ 1 



1 _ai...a5 



ai...a5 



/3 A z/ 



(5.6.3) 



This form of the MC equations of csp(l|32) suggests a splitting of the 
underlying vector space into three subspaces osp(l\32) = Vq © V± © V2, 
where Vb is the space generated by the 55 MC forms p ab = p Q/3 (7 a6 ) a/ 3 of 
the Lorentz subalgebra of osp(l|32), V\ the fermionic subspace generated 
by v a , and V2 the space generated by the remaining 11+462 bosonic gen- 
erators p a = p afS (T a ) a p, p ai - a& = p al3 (T ai - a5 ) a p. Moreover, this splitting 
fulfils the general conditions discussed for superalgebras in section 5.5. It 
then follows that, after the redefinition (5.5.3) of the group parameters 
of osp(l|32), the expansions of the forms in Vb contain even powers of A 
starting from A , that those of the forms in V\ include only odd powers 
in A starting from A 1 , and that those of V2 contain even orders starting 
with A 2 , i.e., 



V n 



v 2 



ab 



2n pCib,2n 



■E* 

n=0 

00 

n=0 



abfl 



+ X 2 p ab,2 



,o,2n+l 



A*/*' 1 + A 3 */*' 3 + 



' P a = En=l \ 2n p a ' 2n = A 2 p a < 2 + • • • , 

pCn...a 5 _ ^ y2n pai...a 5 ,2n _ y2 ^ai...a 5 ,2 _|_ 



(5.6.4) 
(5.6.5) 

(5.6.6) 



The restriction (5.5.6) allow to cut the series (5.6.4)-(5.6.6) at orders 
Nq = 2, Ni = 1, N2 = 2, respectively, to obtain the MC equations of the 
expansion osp(l|32)(2, 1, 2): 

dp ab '° 



dp 



a, 2 



a/3 



dp ab > 2 = -± (p ac '° A p c 6 ' 2 + p ac ' 2 A p c 6 ' ) — z/*' 1 A v^Y% , 



^ai...o Bl 2 = ^ p 6[oi...04| ,2 A ^obI.O 



^a,l A l ^,l r ai...a B 



di/' 



a,l LiA 1 



i a >*,0"T 

"64^ A ^ l-ab/3 



(5.6.7) 



Now, setting p ab >° = -16a ab and identifying p a > 2 = U a , p ab ' 2 = U ab , 
pa\—aa,2 = jpi— ag anc [ u a,i = Jr « j ^he se ^ Q f equations (5.6.7) coincides 
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with the MC equations of the M Theory superalgebra containing the 
Lorentz group (£( 528 l 32 ) x so(l, 10) (equations (2.1.15) when the Lorentz 
part is restored) [4]. As a check, notice that the dimensional counting is 
correct since, by equation (5.5.4), 

dimosp(l|32)(2, 1, 2) =2 • 55 + 32 + 473 = 583 + 32 = 

=dim (V 528 ! 32 ) x 80(1, 10)) . (5.6.8) 

In conclusion, from the supergroup point of view [4], 

s (528|32) x so ^ 1Q j _ 0Sp(l\32)(2, 1, 2) . (5.6.9) 

This concludes this mathematical parenthesis, and we now return to 
D = 11 supergravity. In chapter 4 we were able to write down a world- 
volume action for a preonic brane in a D'Auria and Fre supergravity 
background. This formulation of supergravity is closely related to the 
notions of enlarged supersymmetry algebras and superspaces. In chap- 
ter 7, a worldvolume action for a string describing the excitations of two 
preons will be formulated, in fact, in an enlarged superspace. In the next 
chapter, D'Auria-Fre supergravity will be revisited, and the expansion 
method for Lie algebras will be find useful to describe the origin of the 
underlying symmetry algebras. 
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The underlying symmetry 
of D = 11 supergravity 



The problem of the hidden or underlying geometry of D = 11 supergrav- 
ity was raised already in the pioneering paper by Cremmer-Julia-Scherk 
(CJS) [27] (see also [172]), where the possible relevance of OSp(l\32) was 
suggested. It was specially considered by D'Auria and Fre [92], where the 
search for the local supergroup of D = 11 supergravity was formulated 
as a search for a composite structure of its three-form ^3. Indeed, while 
the graviton and gravitino are given by one- form fields e a = dx^e^x), 
ifj a = dx^"ip^(x) and can be considered, together with the spin connection 
uj ah = dx^uo ( ^'{x), the gauge fields for the standard superPoincare group 
[173], the A fJil ^ 2 ^ 3 (x) abelian gauge field is not associated with a symme- 
try generator and it rather corresponds to a three- form ^3. However, one 
may ask whether it is possible to introduce a set of additional one-form 
fields such that they, together with e a and ip a , can be used to express 
A3 in terms of products of one-forms. If so, the 'old' and 'new' one-form 
fields may be considered as gauge fields of a larger supergroup, and all 
the CJS supergravity fields can then be treated as gauge fields, with ^3 
expressed in terms of them. This is what is meant here by the underly- 
ing gauge group structure of D = 11 supergravity: it is hidden when the 
standard D = 11 supergravity multiplet is considered, and manifest when 

becomes a composite of the one-form gauge fields associated with the 
extended group. The solution to this problem is equivalent to the trivial- 
ization of a standard D = 11 supersymmetry algebra four-cocycle (related 
to dAz) on an enlarged superalgebra. 

The notion of free differential algebras (FDAs) is a natural extension 
of that of Lie algebras, particularly suitable to account for the p-form 
fields present in supergravity theories. The notion of FDA and their 
construction as a process governed by cohomology will be reviewed in 
section 6.1. All this is put in its due context in section 6.2, where the 
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FDA of D = 11 supergravity is presented, and dA% seen to be related to a 
non-trivial supersymmetry algebra cocycle. We then apply these ideas to 
discuss the trivialization of FDAs (the process of obtaining Lie algebras 
from FDAs) and its implications for the physics they may describe. To 
that end, a family of extensions <£(s) of the supersymmetry superalgebra 
is described in section 6.3 and its relation to osp(l\32) discussed in section 
6.4. In section 6.5, the cocycle associated to dA% is shown to be trivialized 
by any member of the family, except for s / [6, 7], extending previous 
results [92]. Section 6.6 analyzes the possible dynamical consequences of 
a composite structure of A3 and shows the presence of additional gauge 
symmetries in the action for a composite A3. Section 6.7 concludes this 
chapter with some remarks about a conjectured fields/enlarged super- 
space coordinates correspondence. The main results of this chapter can 
be found in references [6, 7]. 

6.1 Free differential algebras, Lie algebras and cohomology 

The presence of forms of orders higher than one in the supergravity la- 
grangians makes it especially convenient to resort to free differential al- 
gebras in order to discuss the geometry associated to those theories. In 
fact, the discussion of this section about the relation of free differential al- 
gebras and Lie algebras can be straightforwardly extended to account for 
their superalgebra counterparts, the structures of interest in supergravity 
theories. 

A free differential algebra (FDA) [96, 92, 18, 97] (termed Cartan in- 
tegrable system in [92]) is an exterior algebra with constant coefficients, 
generated by a set of forms (not necessarily of the same rank) closed un- 
der the action of the exterior differential d. The dual formulation of a Lie 
algebra Q, in terms of Maurer-Cartan (MC) one-forms 1 n l left-invariant 
on the corresponding group manifold, provides the simplest example of 
an FDA. As an FDA, Q is to be regarded as generated by a collection 
of one- forms tt 1 , i = 1, . . . , dimQ, and two- forms dir 1 , related through the 
MC equations of Q (equation (5.2.1)) and closed under d due to the Jacobi 
identity. 

A more interesting application of FDAs is the description of the local 
symmetry of a theory through the gauging of Lie algebras. The gauge 
FDA associated to the Lie algebra Q is obtained by replacing the MC one- 
forms 7r* of Q by their gauge field or soft (see [18]) one-form counterparts 
A 1 , and by introducing two- form curvatures satisfying a generalization of 



1 In chapter 5, the MC one-forms of the Lie algebra Q were denoted as a/ . Here, the 
notation n l is preferred to reserve u> for non-trivial Chevalley-Eilenberg cocycles. 
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the MC equations of Q (see equation (5.2.1)), 
F k = dA k + A AK 



(6.1.1) 



The curvatures then satisfy the consistency conditions expressed by the 
Bianchi identities 



The structure equations (6.1.1) and the Bianchi identities (6.1.2) then 
define the gauge FDA associated with the Lie algebra Q. Dynamically, 
the relevance of the FDA constructed this way from the Lie algebra Q is 
reflected by the fact that the lagrangian of a theory with local symmetry 
Q is built up from the gauge potentials A % and their curvatures F l . 

An FDA is called minimal [96] when the differential of any p-form in 
the FDA is expressible only in terms of sums of wedge products of g-forms 
in the FDA, with q < p. The FDA is contractible if it is generated by 
pairs of forms 7r p , 7r p+ i such that dit p = 7r p+ i, dir p +i = 0. According 
to Sullivan's first theorem [96], which is the counterpart for FDAs of the 
Levi-Mal'cev theorem (see [40]) for Lie algebras, the most general FDA 
is the semidirect sum of a contractible with a minimal one. For instance, 
regarded as an FDA, a Lie algebra Q is minimal, whereas the FDA (6.1.1), 
(6.1.2) is contractible. If the 'flat limit' of the contractible algebra (6.1.1), 
(6.1.2) is considered, in which all the curvatures are set to zero, F l = 0, 
the gauge potentials Ai turn out to satisfy the same equations than it 1 
(i.e., (6.1.1) reduces to (5.2.1)), and the minimal algebra, which in this 
case coincides with the Lie algebra Q, is recovered. 

The minimal FDA does not need to be a Lie algebra, though. Indeed, 
it is the typical case in supergravity theories that their lagrangian contains 
not only one- forms and their curvature two- forms, but also 2 p- forms A p , 
p > 1, and their curvature (p + l)-forms F p+1 . This is precisely the 
case of D = 11 supergravity, the lagrangian (2.2.5) of which involves not 
only the one- forms e a and ip a and their curvatures, but also the three- 
form A3 and, in the first order approach, an auxiliary four-form F4 which 
is related, on-shell, to its curvature. For notational analogy with the 
gauging of Lie algebras, it is convenient to introduce the rigid p-form 
counterparts 7r p of the soft [18] p-forms A p , such that, in the 'flat limit' in 
which all the curvatures are set to zero, F p+1 = 0, the forms A p satisfy the 
same structure equations than 7r p . The FDA thus reduces to the minimal 
FDA, which is nevertheless not a Lie algebra since it contains forms ir l p 
of rank higher than one. And yet, from a physical point of view, despite 

2 Here, the superindex i is again used to label the forms, and a subindex showing 
their rank is added. 



dF k 



c k ,F i A A j . 



(6.1.2) 



98 



6 The underlying symmetry of D = 11 supergravity 



the unclear relation in this case of the minimal FDA with a Lie algebra, 
a lagrangian built up from A p and Fl +1 possesses a local symmetry: that 
is the case in supergravity theories, which are the field theories of local 
supersymmetry. 

Consider a Lie algebra Q defined through the MC, left invariant, one- 
forms tt\ on the group manifold G of Q satisfying the MC equations 
(5.2.1). Sullivan's second theorem [96] determines the structure of minimal 
FDAs, built by using the MC forms ir\, through an iterative process 
[96, 18] (see also [174]). First, the MC one-forms tt\ of any minimal 
FDA close into the original Lie algebra Q. The structure equations for 
additional p-forms ir p of the minimal FDA can be written as 



where are nontrivial Chevalley-Eilenberg (CE) [175, 40] (p + 1)- 

cocycles on the Lie algebra Q. In other words, for each i, uj p+1 is a closed 
(p + l)-form built up as a sum of exterior products (i.e., as an exterior 
polynomial) of the MC one-forms ir\ (and, thus, invariant under Q) which 
is not the differential of a p-form invariant under Q, namely, ir p is not an 
(exterior) polynomial in ir\. The process can be iterated by adding new 
q- forms it'* such that their differentials are non-trivial (q + l)-cocycles 

depending on (Tr\,iTp), then on irp, w'^ ), and so on. 

In general, the non-trivial character of the cocycles defining a 

minimal FDA can be interpreted by saying that there are not enough 
MC one-forms tt\ in the Lie algebra Q to write the p-forms 7r* in equation 
(6.1.3) in terms of them. But it may happen that the introduction of 
an algebra Q larger than Q allows for the (/-cocycles to be written in 
terms of the new MC one- forms of Q, so that they are (left-)invariant 
under the corresponding group G. Bearing this in mind, the question of 
whether there exists a Lie algebra describing the same local symmetry 
than a given FDA can be put in precise mathematical terms, at least 
for minimal FDAs: if there exists an extension 3 Q of the Lie algebra Q 
for which the cocycles uj, i +1 become trivial, i.e., such that for each i, the 
p-forms TT p (related to co l p+1 through equation (6.1.3)) can be expressed 

as (exterior) polynomials in the MC one- forms of G, then the FDA can 
be 'trivialized', by writing its forms in terms of the MC forms of the Lie 
algebra Q. In a supergravity context, it is in this sense that Q can be said 
to be the underlying gauge symmetry of the theory under consideration. 

Notice that the trivialization problem might have either no solution 
at all (see [97] for an example) or more than one solution: there might 



dTr p = uj p+1 (tt{) , 



(6.1.3) 



3 See section 5.1 of the previous chapter and references therein. 
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exist more than one enlarged algebra Q that trivializes the cocycles defin- 
ing the minimal FDA. The later is the case for D = 11 supergravity, 
for which two superalgebras were already found in [92] to account for its 
underlying symmetry. It will be shown in section 6.5 that, in fact, not 
only the two algebras of [92] solve the problem, but that there exists a 
whole one-parameter family of Lie superalgebras describing the underly- 
ing symmetry of D = 11 supergravity. First, we shall introduce the FDA 
corresponding to D = 11 supergravity. 

6.2 The D = 11 supergravity FDA 

Let us first consider, momentarily, the case of four-dimensional simple su- 
pergravity, where the only fields involved are the graviton and gravitino 
(in the N = 1, D = 4 supergravity multiplet) and the Lorentz connection. 
These can actually be considered as the gauge fields of simple D = 4 su- 
pergravity [173] and can be described by a gauge (super)FDA constructed 
as discussed in section 6.1. Indeed, replacing the MC one-forms IP, ir a , 
a ab of the superPoincare algebra by the gauge field one- forms e a , ip a , 
uj ab , respectively, and introducing their corresponding curvatures, R a , 
R Q , H ab , the superPoincare MC equations (2.1.12) can be promoted to 
the structure equations (see equation (6.1.1)) 

R a := de a - e b A u b a + A ^T a af} = T a + A ^T a afS , 

K a := dr - ^ A up* (uj = \u ab T ah /) , 

R. ab :=dLJ ab -u ac Aco c b , (6.2.1) 

where T a := De a = de a — e b A u^ a is the torsion (see equation (2.2.7)). 
The equations (6.2.1), together with their selfconsistency or integrability 
conditions (see (6.1.2)) 

DR" = —e b A Rfe a + 2i4> a A R^r^ , 
J}R a = -yARV. 

DK ab = , (6.2.2) 

where D is the Lorentz covariant derivative, form the gauge FDA of the 
superPoincare group. When all the curvatures are set to zero, R a = 0, 
R a = 0, R°* = 0, the Bianchi identities (6.2.2) are trivially satisfied and, 
as discussed in the previous section, the structure equations (6.2.1) of the 
FDA reduce to the MC equations (2.1.12) of the superPoincare algebra. 
The minimal FDA is, in this Lie superalgebra (superPoincare), 

the local symmetry of simple supergravity. 
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This FDA description is, however, incomplete for D = 11 supergrav- 
ity, due to the presence of the three- form field A3 . When A3 is taken into 
account, the FDA defined by equations (6.2.1) must be completed by the 
definition of the four-form field strength [92] 

R 4 := gL4 3 + A ^ A e a A e b T aba/3 , 

supplemented by its corresponding Bianchi identity 4 , 

dR 4 = A R/ 3 A f f p - ±V a A ^ A e b A K a T aba/3 . (6.2.4) 

Equations (6.2.1), (6.2.3) are the structure equations for the D = 11 
supergravity FDA, their corresponding Bianchi identities being (6.2.2), 
(6.2.4). The definition (6.2.3) of the curvature R4 of A3 is obviously 
inspired in the algebraic constraint (2.4.4) that relates F4 to A3. Indeed, 
resorting to the superspace formulation of supergravity and setting R a = 
and R4 = F4 := ^e aA A ... A e ai F ai ... a4 , the on-shell D = 11 superspace 
supergravity constraints [176, 177] are recovered (see also [7]). 

In contrast with the D = 4 case, the above FDA for vanishing curva- 
tures cannot be associated with the MC equations of a Lie superalgebra 
due to the presence of the three-form A3. In fact, according to the gen- 
eral discussion in section 6.1, for vanishing curvatures the bi-fermionic 
four-form 

a 4 = 4f A/Ae fl Ae ft r aM (6.2.5) 

entering the definition (6.2.3) of the curvature R4 of A3 (see also equation 
(2.2.10)) becomes a CE four-cocycle on the supertranslations algebra (£ = 
<g( n |32) given by 

W4 ( s «, e a ) = -±vr a a a n a a ii b T aba(3 = duj 3 (x a , e a ) , (6.2.6) 

where IT 1 = dx a - idO^T^O 13 and ir a = d6 a . In equation (6.2.6), the 
dependence of the forms toy, and o; 4 on the coordinates Z = (x a ,6 a ) 
of rigid superspace S = E^ 11 ! 32 ), the group manifold of the D = 11 
supertranslations group, has been written explicitly. The Lorentz group, 
being simple and not adding anything to the cohomology, can be neglected 
in this discussion. 

As discussed in general, the (^-invariant and closed four-cocycle L04 
is, furthermore, non-trivial in the CE cohomology, since the three-form 
a->3 = Ld3(x a ,8 a ) in (6.2.6) cannot be expressed in terms of the invariant 
MC forms IP, ir a of l£. Now, we may ask whether there exists an ex- 
tension <£ of the standard D = 11 supersymmetry algebra (£, with MC 



(6.2.3) 



4 See section 2.1 for the notation. 
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forms defined on its associated enlarged superspace S, on which the CE 
four-cocycle 0J4 becomes trivial. In this way, the problem of writing the 
original A3 field in terms of one-form fields becomes purely geometrical: 
it is equivalent to looking, in the spirit of the fields/extended superspace 
variables correspondence of [85] (see section 6.7), for an enlarged super- 
group manifold S on which one can find a new three-form £3 (correspond- 
ing to A3) that can be expressed in terms of sums of exterior products of 
(£ MC forms on S (that will correspond to one- form gauge fields), hence 
depending on the coordinates Z of S. That such a ^-invariant form uz(Z) 
should exist is also not surprising if we recall that the CE (p + 2)-cocycles 
on (£ that characterize [178] the Wess-Zumino terms of the super-p-brane 
actions and their associated FDAs, can also be trivialized on larger super- 
algebras (£ [179, 85] (see also [180]) associated to extended superspaces 
S, and that the pull-back of u 3 {Z) to the supermembrane worldvolume 
defines an invariant Wess-Zumino term. 

To summarize, the minimal FDA of D = 11 supergravity is obtained 
by enlarging the supertranslations algebra (£ (containing the MC one- 
forms n a , 7r a , corresponding to the gauge fields e a , ip a , respectively) with 
the three-form 1^3 (corresponding to A3) such that its differential is the 
CE four-cocycle 104 on (£ (equation (6.2.6)). Notice, however, that further 
enlargements are possible, within the FDA construction scheme of section 
6.1. Actually, the closed seven-form 

uj 7 = -UJ3 Aw 4 + ^vr" A 7r^ A IP 5 A ... A IP 1 r ai ... a5 a/3 (6.2.7) 

is a non-trivial cocycle 5 on the FDA generated by (IT 1 , 7r Q , U3) ([18], vol. II, 
p. 866). The seven-cocycle oo 7 is nothing but the 'flat limit', R7 = 0, 
of dA$, where the six- form Aq is the dual six- form of A3, defined by 
F 7 = *F 4 , where F 4 = cL4 3 and F 7 = cL4 6 + A 3 A dA 3 . The structure 
equation of Aq , 

R 7 := dA e + A 3 A dA 3 - §#* A/A f 2 (6.2.8) 

(see (2.2.12) for the notation), together with its corresponding Bianchi 
identity, 

d~R 7 = (R4 + A V A f (2) ) A (R4 + 5V A i> A f (2) ) 

+# Q AR^A f g - ^ a A ^ A e C4 A . . . A e Cl A R a r acl ... C4Ct/3 
-±Y> a A ^ A if A 4> 5 A f g A f $ = , (6.2.9) 

5 Notice that is not a CE seven-cocycle on t/ie standard, D — 11 supertranslations 
algebra <£ = (J;* 11 ! 32 ), since it explicitly involves 
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may thus be added to the FDA (6.2.1), (6.2.3), (6.2.2), (6.2.4). We 
shall, however, ignore this enlargement of the algebra and work with 
the FDA generated by (IP, ir a , CJ3) whose gauging, described (neglecting 
the Lorentz part) by the structure equations (6.2.1) and (6.2.3) and their 
Bianchi identities (6.2.2), (6.2.4), involves only e a , A3 and their cur- 
vatures R a , R a , R4. Nevertheless, it would be an interesting question 
for further study to determine whether the Lie algebras £(s) introduced 
below to trivialize the four-cocycle 004 (of equation (6.2.6)) also allow for 
the trivialization of uj (of equation (6.2.7)). Namely, whether there exists 
a six-form ujq (corresponding to the 'flat limit' of Aq) constructed as an 
exterior polynomial of the MC one- forms of (£(s) and such that ujj = dujQ. 
This would correspond to the problem of finding the underlying gauge 
symmetry of the duality-symmetric formulation of D = 11 supergravity 
(see [181] for the action). 

6.3 A family of extended superalgebras 

As stated in [92], the problem is whether the D = 11 supergravity FDA 
(6.2.1), (6.2.3), may be completed with a number of additional one-forms 
and their curvatures in such a way that the three-form ^3 obeying (6.2.3) 
is constructed from one-forms, becoming composite rather than funda- 
mental or 'elementary'. This problem, when attacked in the flat limit 
achieved by setting all the curvatures to zero, is equivalent to trivializing 
the £ four-cocycle W4 (equation (6.2.6)) on the algebra (£ of an enlarged 
superspace group S. A one-parameter family of Lie superalgebra exten- 
sions (£(s) (with the notation of [6]) of the M Theory superalgebra was 
first proposed by D'Auria and Fre in [92] as an ansatz to solve the prob- 
lem. All the superalgebras in the family contain a set of 528 bosonic and 
32 + 32 = 64 fermionic generators, 

Pa 1 Qa 1 Z ai(12 , Z ai ^ a5 , Q a , (6.3.1) 

including the M Theory superalgebra ones (see section 2.1 of chapter 
2) plus a central fermionic generator Q' a , and are defined through the 
(anti)commutation relations 





+ F 




ai...a,5 ) 



ai...as a 



a 



Q'/3 ' 



(6.3.2) 
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that display their structure as central extensions of the M Theory super- 
algebra by the fermionic generator Q' a . With the notation of section 2.1 
of chapter 2, the family of enlarged superalgebras <B(s) could be denoted 
as g( 528 l 64 )(s) or, in order to emphasize the presence of two independent 
fermionic generators, as (£( 528 l 32 + 32 ) ( s ). The corresponding group man- 
ifolds can accordingly be denoted S(s) or j]( 528 l 32 + 32 ) ( s ). The notation 
€(s), E(s) will be preferred, although £(5 28 l 32 + 32 ) (s), s( 528 l 32+32 )(s) will 
sometimes be used to avoid confusion. 

In (6.3.2), 5, 71, 72 are real parameters only restricted by the require- 
ment that (6.3.2) be indeed a superalgebra, i.e., that the Jacobi identities 
are satisfied. This translates into a relation for the parameters [92]: 

5 + IO71 - 6!72 = . (6.3.3) 

One parameter (71 if nonvanishing, 5 otherwise) can be removed by rescal- 
ing the new fermionic generator Q' a and it is thus inessential. Hence 
equations (6.3.2) describe, effectively, a one-parameter family of Lie su- 
peralgebras that may be denoted (E(s) by using a parameter s given by 

271 I 72 - 27i(gj + 51) . 

This notation also accounts for the case 71 = 0, by considering the limit 
71 — ► 0, s — > 00 and 71s — ► 5/2 7^ 0, and the corresponding algebra can 
be denoted (£(00). In terms of s, the algebra (6.3.2) reads: 

{Q a , Qp} = r^Pa + iT a ^p 2 z aia2 + r^g' a5 z ai ... as , 

[Pa,Qa] =27i(5 + l) TaJty, 
S 1 

[^oi...a 5 )Qa] = 2 7l(^J + gj)r a i...o B </Q/3 > 

[Q^,all} = 0. (6.3.5) 



Introducing the MC one-forms 

rr*, vr Q , n aifl2 , n ai - OB , 7r /Q , (6.3.6) 

dual to the generators (6.3.1), and left-invariant on the corresponding 
group manifolds S(s) = £( 528 l 32 + 32 ) (s), the family of superalgebras (S(s) 
can be equivalently described by the MC equations 

dU a = -m a A i^T^p , 
dir a = , 
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dU aia 2 = _ 7r a A ^ paioa ? 
(fll 01 - 08 = -ivr a Avr /3 r^- a5 , 

= tt^ a (-i<5n a r a ^- 7l n afe r ab/3 a -i 72 n ai - a5 r ai ... a5 / 

(6.3.7) 

In the dual, MC formulation of the family of superalgebras <£(s), the 
parameters 5, 71, 72 are only involved in the last equation of (6.3.7), the 
MC equation for the extra fermionic MC one-form 7r to , and the relation 
(6.3.3) among the parameters is obtained from the integrability condition 
ddir' a = 0. In terms of the parameter s defined in (6.3.4), the last equation 
in (6.3.7) reads 

^=-27!^ a (i( s + i)irr a + ±n ab r ab + i(§ + §) n oi -°T 01 ... OB ) Q . 

(6.3.8) 

Finally, introducing the 'soft' one-form fields, 

e a , 4> a , B aia2 , B" 5 , if , (6.3.9) 

corresponding to the MC one-forms (6.3.6), and their corresponding cur- 
vatures, 

R a , R° , B aia2 , B ai - a " , B a , (6.3.10) 

the family of gauge FDAs corresponding to <E(s) is described by the equa- 
tions (6.2.1), (6.2.3) together with the corresponding equations for the 
new one-forms and their curvatures, namely, by 

R« := de a — e b A u b a + # a A ijJ*T%p = T a + A ^T a ap , 

R« := d r - ^ A up a (uj = \oo ab T ab /) , 

R ab := du ab - uj ac f\u b , 
Bf = DB ab + ip a A ip^ T% , 

B ai...05 = DB ai...a r , + -^a A pa^..a 5 ^ 

^ = Drf + V' 3 A (i 5 e a T af3 a + 71 B ab T ab/3 a + i 72 5 ai - a5 r ai ... a5 <*) , 

(6.3.11) 

and their corresponding Bianchi identities. 
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6.4 The relation of 6(s) with osp(l|32) 

For s^O, the superalgebras 6(s) are non-trivial deformations (see section 
5.1) of 6(0). Actually, the superalgebra 6(0) is singled out within the 
family 6(s) for having an enhanced automorphism group. Introducing, 
as in (2.1.9), the generalized momentum P a p = r^P a + iT a ^ 2 Z aia2 + 
r^-- a5 Z ai ... a5 , the D = 11 decomposition 

X 7x <5 1 fro p7<5 lpaid2 p 7<5 , 1 -pai...as p 7<5\ 

°(a °/3) — 32 ^ a/3 1 a 2 1 a/3 1 aia 2 5l a/3 1 ai...a B ^ 

(6.4.1) 

allows us to write the superalgebra (6.3.5) for s = as 

{Qa, Qp] = Pa/3 , 

[P a p, Qj] = 64 7i C 7(Q Q^ , 

[Q4,all} = 0. (6.4.2) 

Similarly, it is possible to collect the MC one-forms IP, IP 1612 , IP 1 '"" 5 in 
a symmetric spin-tensor one-form (2.1.14), H a/3 = ^(IT a r a — |n aia2 r ai(l2 
+ 3rII ai - a5 r ai ... a5 ) Q/3 that allows us to write, for s = 0, the MC equations 
(6.3.7) of 6(0) in compact form as 

dU al3 = -iir a A vr^ , 
dir a = , 

d7r >a = -64i 7 i vr^ A IV • (6-4.3) 

The explicit appearance in equation (6.4.2) of the 5p(32)-invariant eleven- 
dimensional 32 x 32 charge conjugation matrix C a p or, alternatively, its 
concealed appearance in the contraction of spinor indices in (6.4.3), ex- 
hibits 5p(32) as the automorphism symmetry of 6(0). In contrast, the 
rest of superalgebras 6(s), s / 0, have a reduced automorphism symme- 
try SO(l, 10), since they involve explicitly the 50(1, 10) Dirac matrices. 

Hence, the generalizations of the superPoincare group £ x 50(1, 10) 
for the s / and s = cases are, respectively, the semidirect prod- 
ucts £(s) x 50(1,10) and S(0) x 5p(32). Precisely for s = 0, both 
E(0) x 50(1, 10) and S(0) x 5p(32) can be obtained from 05p(l|32) by 
the expansion method of chapter 5; they are given, respectively, by the 
expansions Osp(l|32)(2, 3, 2) and Osp(l|32)(2, 3) [6] as it will now be 
shown. 

The derivation of 6(0) x so(l, 10) as an expansion of osp(l|32) fits 
into the general discussion of section 5.5 of the expansion method for 
superalgebras. In fact, it follows the same steps that led to the M The- 
ory superalgebra in section 5.6, the only difference being the way the 
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cutting orders of the series expansions of the MC one- forms of osp(l\32) 
are chosen. Consider the 528 sp(32) bosonic p a/3 and 32 fermionic u a 
MC forms of osp(l|32), satisfying the MC equations (5.6.1). Again, it is 
useful to decompose p a/3 in terms of Dirac matrices as in (5.6.2), p a/S = 

(/0 a r a - ^p ab T ab + ^rp ai '" ar T ai ... a5 ) a/3 ; this decomposition is adapted 
to the splitting osp(l|32) = Vq © V± © V2, where Vo is generated by p ab , 
V\ by u a and V2 by p a and p a ^--- a ->. In terms of p ab , z/*, p a and p ai - a s , 
the superalgebra osp(l|32) takes the form (5.6.3). 

After the redefinition (5.5.3) of the group parameters of osp(l|32), the 
MC forms expand as in (5.6.4)-(5.6.6), namely, 

p ab = p ab,0 + X 2 p ab,2 + ^ p ab,4 + . . . ^ 

p a = X 2 p a,2 + ^ p a A + . . . ? 

p a\...aa _ y2 p a\...a$,2 _j_ ^4^ai...a 5 ,4 _|_ . . . 

z,<* = Az/*' 1 + A 3 z/*' 3 + • • • . (6.4.4) 



Choosing the cutting orders Nq = 2, N± = 3, N2 = 2, as allowed 
by the restriction (5.5.7), the MC equations of the expanded algebra 
osp(l|32)(2,3,2) are obtained: 

dp ab >° = -i^ A^' , 
dp a ' 2 = -±p b ' 2 A p b afi - iv"' 1 A v^Tlp , 
dp ab > 2 = -± (p ac >° A p c b ' 2 + p ac ' 2 A p c b '°^j - z/*' 1 A v^T% , 
d p «i-a*,2 = ^ p 6[oi...04| ,2 A /9b |a 5 ],0 _ ^a.l A ^.lpa^.as ^ 
1 ,,0,1 a „ab,0-p a 

dv — -gj^' A p 1 abf3 , 

^• 3 = -^^ 3 Ap ab - r ab/3 a 

-^z/- 1 a (V 2 r a + ip ab - 2 r ab + ^p" ""' :I y ,, ,) ," . (6.4.5) 

Now, setting p ab '° = -16uj ab and identifying p a > 2 = IP, p ab ' 2 = U ab , 
p ai-a 5 ,2 = n oi-a B) v *,\ = and u a,3 = 7^/647! (notice that 

just defines the scale of Q' a ), the set of equations (6.4.5) coincides with the 
MC equations of 6(0) xi so(l, 10) (obtained by restoring the Lorentz part 
in equations (6.4.3)). As a check, notice that the dimensional counting is 
correct since, by equation (5.5.4), 

dimosp(l|32)(2,3,2) = 2-55 + 2-32 + 473 = 583 + 64 = 

= dim (<£(0) x so(l,10)) . (6.4.6) 

In conclusion [6], 

E(0) x SO(l, 10) « OSp(l|32)(2, 3, 2) . (6.4.7) 
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The algebra (£(0) x sp(32) with its enhanced automorphism symme- 
try Sp (32) can also be obtained as an expansion of osp(l\32). Indeed, 
consider instead the splitting osp(l\32) = Vq © V\ where Vq is generated 
by all the bosonic generators p a/3 and V\ by the fermionic ones, v a . This 
splitting makes V\ a symmetric coset and, indeed, makes the algebra have 
the structure discussed in section 5.3.1 of chapter 5. Cutting the corre- 
sponding series at orders iV"o = 2 and N\ = 3, in agreement with condition 
(5.3.30), the MC equations corresponding to the expansion osp(l|32)(2, 3) 
are obtained: 

dp^ = -^°Ap/' , 

dp a ?> 2 = -i (p^'° A p/ 2 + p^' 2 A p/'°) - iv"' 1 A v^ 1 , 
du ' 1 = -iu 13 ' 1 A pp a >° , 

du a ' 3 = -iiA 3 A pp a >° - iv* 3 ' 1 A P(i a ' 2 . (6.4.8) 

Identifying p af3, ° in (6.4.8) with an sp(32) connection, equations (6.4.8) 
are those of l£(0) xi sp(32) (given by (6.4.3) when sp(32)-automorphisms 
are included) with p°^' 2 = 11°^, z/*' 1 = ir a and z/*' 3 = ir' a /64ji. Again, 
by equations (5.5.4), the dimensions agree, 

dimosp(l|32)(2, 3) = 2 • 528 + 64 = dim (g(0) x sp(32)) , (6.4.9) 

and [6] 

S(0) x Sp(32) « OSp(l|32)(2,3) . (6.4.10) 



6.5 The composite nature of A 3 

We will now show how the set of one-forms (6.3.9) of the gauge FDA 
(6.3.11) associated to allows for a composite structure of As, 

A 3 = A 3 (e a , V" ; B ab , B abcde , V a ) . (6.5.1) 

According to the discussion of section 6.2, based on the general arguments 
of section 6.1, the problem is equivalent to the trivialization of the super- 
Poincare algebra CE four-cocycle u>4 of equation (6.2.6) in an extended 
superalgebra. Thus, we are looking for a three- form ui 3 built up as an 
exterior polynomial of the one-forms (6.3.6) of the family of extensions 
<£(s) that fulfils equation (6.2.6), namely, 

dw 3 = uj a = -\ir a A ir 13 A IT 1 A Tl b r abal3 . (6.5.2) 

In the process, it will be made apparent which of the superalgebras in the 
family (£(s) allow for a trivialization of CJ4. 
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The most general expression for 0)3 as an exterior polynomial of the 



_ n .c , , TT a l a 2 a 3 A TT a 4 a 5 a 6ClC 2 a TT61...65 

-2*7i^ a 7T ,a a (fa u a r aa/3 - ifo n ab r ab aP + 3 n ai -°»r, 



where ai, . . . , 04, 0i, . . . ,03 [92] and A [6, 7] are constants to be deter- 
mined by the requirement that £3 obeys equation (6.5.2). The numerical 
factors in the right hand side of (6.5.3) have been introduced to make 
the definition of the coefficients coincide with that in [92] while keeping 
our notation for the FDA. The only essential difference with [92] is the 
inclusion of the arbitrary coefficient A in the first term; as we show below 
this leads to a one-parametric family of solutions that includes the two 
D'Auria-Fre ones. 

Using the MC equations (6.3.7) for <£(s), the application in (6.5.3) of 
the differential d leads to [92] 



4 du)3 = — (A — 260i) n a A n p A IP A U b T abaP 
+2(/9i + 1002 - 6!0 3 ) n a A tt 13 A 7T 7 A 7T fS T a a(3 T ai s 

+2i(A - 2 7l A - 2S/3 2 ) 7T a a tt^ a n a6 a n b r aa p 

+ (3ai + 8 7 i0 2 ) tt q A vr' 3 A 11% A n cb r afea/3 

+2i(a 2 - lOri/% " 107202) vr Q A vr' 3 A IP 1 , A lT a2 '" a5 r ai ... a5Q/3 

+ |(5!a 3 - 503 - 720i) e ai ... a5bl ... b5C 7r a A vr^ A n 6l " 6 5 A IlT ai ... asa 

-(a 2 - 5! io 72 3 ) vr a a ^ a n a v.. fc4 a n a2bi - b4 r aia2a/3 

+i(a 3 - 2 72 3 ) e ai ... a5bl ... 65C ^ a A vr' 3 A n ai " a5 A n 6l -' 6s r c Q/3 
+|(9a 4 + 1O 7 20 3 ) e ai ... a6bl ... b5 7T a A ^ A IT 11 ^^ A ^a^c^ 



Finally, comparing the expressions for doo^ in (6.5.4) and (6.5.2), and 
equating the coefficients of the different, independent four- form terms, 
the following non-homogeneous linear system of nine equations and eight 
unknowns A, cci, . . . , 04, 0i, . . . , 03, dependent on the parameters 5, 71, 



one-forms (6.3.6) of €(s) is 



4 cD 3 = AIT* A II a A U b - ai U ab A n b c A IT 

-a 2 n Ml ... a4 AnS 2 An i2fli -^ 
-«3e fl ,..„ 56 ,.. t5C n ai -^An 6i -^An c 




(6.5.3) 
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72 is found 6 [92, 6, 7] 

A - 2<5ft = 1 , 
ft + 10ft - 6!ft = , 
A - 2 7 i/?i - 2,5ft = , 
3ai + 8 7 ift = , 

a 2 - 107i/? 3 - 107 2 /?2 = , 

5!a 3 - (5ft - 72ft = , 
a 2 - 5! 1072ft = , 
«3 - 272ft = , 

9a 4 + 1072ft = . (6.5.5) 

The existence of solutions to this system depends on the values of the 
parameters S, 71, 72 that define it. Actually, the system (6.5.5) depends 
effectively on one parameter s (defined in (6.3.4)) only, for the same 
reason as the family of superalgebras (£(s) does: one parameter among 
S, 71, 72 can be eliminated by means of the relation (6.3.3), and another 
one by a redefinition of the extra fermionic generator Q' a in (6.3.5) (or 
TT ,a in (6.3.7)). The system (6.5.5) turns out to be incompatible for s = 
(namely, for 5 = 271, 72 = 271/5!) but has, otherwise, a unique solution 
for each s^O given by [6, 7] 

\ _ 1 s 2 +2s+6 a 1_ 2s-3 a 1 s+3 a 3 s+6 

A 5 ' l Jl IO71 ~~s r ~ ' l J2 2O71 "l 2 "" ' ^ 3 10-6!7i 1^ ' 

1 2s+6 1 (s+6) 2 1 (s+6) 2 1 (s+6) 2 

Ol = -15 , « 2 = 6! , «3 = 5^!5! . «4 = -9^15! ■ 

(6.5.6) 

The two particular solutions in [92] are recovered by adjusting s (i.e., 
5, 71 in equation (6.3.4)) so that A = 1 in equation (6.5.6). This is achieved 
for 5 = 571 (5 non vanishing but otherwise arbitrary), or for 5 = (with 
71 non vanishing but otherwise arbitrary). Thus, the two D'Auria and 
Fre decompositions of A3 are characterized by s = 3/2, 

€(3/2) : 5 = 5 7 i + , 72 = & , 

A = 1 , ft = , ft = , ft = gp^- , 

"1 = ~J5 , <* 2 = If ' tt3 = 6H! ' 04 = ~ 54 (4!) 2 ' ( 6 -5.7) 

and by s = — 1, 



(£(-1) : 5 = 0, 71/O, 72- ^ 



3-4! ' 



The factor 5! in the equation 5!c*3 — 503 — 72,81 = 0, and the factor 9 in the equation 
904 + 1072,03 = were both missing in footnote 6 in [6], and the later factor was missing 
in equation (4.39) of [7]. 



no 
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A - 1 , (3i - , - ig^- , - , 

"1 = ~i5 , «2 = fr , «3 = gfi! , "4 = ~ 54 j^Tp ■ (6.5.8) 

Here it has been shown that not only these two superalgebras solve the 
problem, but that all the superalgebras in the family <E(s), except <£(0) ; 
allow for a trivialization of the four-cocycle LO4 in (6.5.2) [6, 7]. The 
three-form Co 3 that trivializes it in <E(s), s 7^ 0, is given by the expression 
(6.5.3) with the coefficients (6.5.6). The composite expression (6.5.1) of 
the three-form ^3 in terms of the soft one-form counterparts (6.3.9) of 
the MC one-forms of <£(s), s / 0, is thus given explicitly by 

4A 3 = XB ab Ae a Ae b - aiB ab A B b c A B ca 
-a 2 B biai .. M4 A B b \ 2 A B b *"* 
-a 3 e ai ... a5bl ... b5C B a ^ AB b ^ A e c 

— n,e , , R a l a 203 a Da 4 a 5 a 6 eiC2 A 061. ..65 

u; 4 t ai...a60i...05- L ' c\C2 /N 1J i\ u 

-2i^ Aw a A (fa e a r aa(S - ifo B ab T ab af} + (3 3 B a ^T ai ... a5 Q/3 ) , 

(6.5.9) 

where the coefficients are given by (6.5.6). 

It is worth stressing that allowing the coefficient A not to be fixed 
from the onset, produces more possibilities for the trivializing algebras 
than those in [92] (equations (6.5.7) and (6.5.8)). A particularly inter- 
esting superalgebra within the family <£(s) is achieved for s = —6. The 
trivialization of the four-cocycle W4 (6.5.2) associated to dA 3 on (£(—6) is 
obtained for the coefficients (6.5.6) with s = —6, namely, 

g(-6) : 5 = -1071^0, 72 = 0, 

ai = , Q!2 = , a 3 = , 04 = . (6.5.10) 

Interestingly enough, the vanishing coefficients a 2 , 03, 04, (3$ are those in 
front of each term involving the one- form IP 1 '"" 5 in the expression of the 
trivializing three-form u) 3 (6.5.3). In consequence, the expression (6.5.9) 
for As as a composite of the gauge one-form fields of (5(— 6) becomes 
especially simple, 

A 3 = ±B ab A e a A e b - ^B ab A B b c A B ca 

-nh^ A ^ A ( 10 &aT ^ + * BabTab «p) ' ( 6 - 5 - n ) 

since it does not involve the gauge one- form field B ai - a5 . This is, never- 
theless, not surprising since, by the definition (6.3.4), the choice s = —6 
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fixes the parameter 72 in the algebra (6.3.2) to 72 = 0, rendering central 
the generator Z ai ^ M5 associated to the gauge field B ai " as . 

For s = — 6 the central generator Z ai _^ as plays, in short, no role in 
the trivialization of 004. One can, therefore, get rid of it and consider the 
smaller, (66 + 64)-dimensional superalgebra (£ m i n [6, 7], the extension of 
which by the central charge Z ai „. as gives the superalgebra (£(—6). The 
'minimal' superalgebra 6 m j„ is given explicitly by setting 72 = (and, 
hence, 5 = — IO71) in (6.3.2) or, equivalently, by setting s = — 6 in (6.3.5) 
and by removing the generator 2f 0l ... a5 : 

{Qa, Q/3} = FupPa + ^ a ap 2Z a ia2 , 
[Pa, Qa] =-10 7 l T a jQfp, 
\Za\a21 Qa] = ^71-^(21122 a! 

[<X,all} = 0. (6.5.12) 

It is worth noting that £ m in does not belong to the family (£(s) and 
yet it provides a composite structure of A3 in terms of the soft field 
counterparts of its MC one- forms. The expression of A3 in terms of 
the gauge field one- forms associated to <£ m i„ is precisely (6.5.11), and it 
coincides with the composite expression achieved for (E(— 6). In summary, 
the most economic extension of the standard supertranslations algebra 
that allows for a composite structure of ^3 is <£ m i n , corresponding to the 
most economical extended supergroup manifold S m i„ = £( 66 l 32+32 ) on 
which ix>4 corresponding to 0IA3 becomes trivial [6, 7]. 



6.6 Dynamics with a composite A3 

In section 2.4 of chapter 2, the equations of motion of ordinary D = 11 
CJS supergravity were derived (in a first order formalism) from its action 
S, given by equations (2.2.3), (2.2.5). It is now our aim to check for 
possible dynamical consequences of a composite structure of ^3 (equation 
(6.5.9)) in terms of the gauge one-forms (6.3.9) associated to any of the 
superalgebras <£(s), s 7^ 0. As noticed in [92], to perform the analysis in 
general, the expression (6.5.9) with the coefficients (6.5.6) for a composed 
A3 in terms of gauge one-forms of <£(s), would have to be introduced 

in the first order action (2.2.3), (2.2.5) of supergravity. We shall only 
consider here the case in which ^3 is given by the expression (6.5.11) 
in terms of the soft one-forms of the minimal algebra £ m i n (equation 
(6.5.12)). The conclusions, however, are general and can be translated to 
the general case in which ^3 is given by equation (6.5.9). 

Consider, thus, the expression (6.5.11) for A3 in terms of the gauge 
one- forms of the superalgebra (£ m j n - Ignoring the variation of the vielbein 
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e a and gravitino ifj a fields, that would contribute, respectively, to the 
Einstein (2.4.5) and the Rarita-Schwinger (2.4.11) equations with on- 
shell-vanishing terms, the variation of ^3 as given by (6.5.11) when the 
fields B aia2 and n a are varied reads 

SA 3 = [^e a Ae b - ±B a c A B cb + ^ A rfT ab p a ) A SB ab 

+^ A (10 e a T aal3 + iB ab T ab a/3 ) A 5 V a . (6.6.1) 

Once the composite ^3 given in (6.5.11) has been introduced into the 
supergravity action S (equations (2.2.3), (2.2.5)), the variation of S with 
respect to the field B ab can be worked out, taking into account that B ab 
enters the action S only through ^3: 

5S 5S 5A 3 

A 



SB ab 8A 3 8B ab 

= iOs A (e a A e b - \B ac A B b + ^ip A rj T a6 ) . (6.6.2) 

In this expression, the eight-form Qg is the variation of the action S 
with respect to ^3, SS/SA 3 = Q$, and its explicit expression is given in 
equation (2.4.7), namely, Q 8 = d(*F A + b 7 - A 3 A dA 3 ). 

In the component approach we are dealing with, the action S is de- 
fined on eleven-dimensional spacetime M 11 . Consequently, all the forms 
involved in the action, including B ab and r] a take arguments on M 11 and 
can, therefore, be expressed in terms of the vielbein basis e a ; in particular, 
B ab = e c B c ab , r] a = e C/ q c a . Thus, introducing the matrix 

K cd ab = 5 [c % + \B [c ae B d] b e + Vd] a r S ' ( 6 - 6 - 3 ) 

the variation (6.6.2) of the action with respect to B ab can be written as 
^G 8 Ae c Ae d )C cd ab . (6.6.4) 



SB ab 4!" 

Now, as it can be seen e.g. at the linearized level, in which the fields 
B ab are weak, the matrix K, c d ab can be supposed to be invertible and the 
requirement that the action be invariant under variations of B ab leads to 

det(/C afe cd ) + : ^ = => g 8 Ae c Ae d = 0. (6.6.5) 

The last equation then implies the standard equations of motion for A 3 , 
equation (2.4.8), but now for a composite, rather than fundamental A 3 . 
Thus one may state, at least within the det()C ab cd ) / assumption, that 
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the variation with respect to the B ab field produces the same equations 
as the variation with respect to the CJS three-form A3, 



det(/C a n + : — h = g 8 := — = 0. (6.6.6) 

Notice, however, that the B ab field carries more degrees of freedom 
than A3 does. In fact, the three index tensor B c ab = —B c ba has reducible 
symmetry properties (product of two Young tableaux), 

B cab ~ n®0 = P©B (6.6.7) 

whereas the components A abc of A3 = ^e c A e b A e a A abc are completely 
antisymmetric, A afec = A[ abc ] , 

A abc ~ H| . (6.6.8) 

Then, since a variation of the action with respect to B ab produces (for 
det(/C[ a b][ c ^) / 0) the same equations as the variation with respect to 
A3, one concludes that the action for a composite A3 must possess local 
symmetries that make the extra degrees of freedom in B ab (i.e, ' but not 

Z ) pure gauge. Similarly, one may expect to have an extra local fermionic 

symmetry under which the new fermionic fields 77" in r/ a = e a "n a a are also 
pure gauge. 

This is indeed the case [7]. Actually, the fact that the above 5B ab = 
e c 5B c ab variation produces the same result as the variation with respect 
to 5A abc = 8A[ abc ] plays the role of Noether identities for all these 'ex- 
tra' gauge symmetries. Let us show, for instance, that the supergravity 
action with A3 with the simple composite structure of equation (6.5.11) 
does possess extra fermionic gauge symmetries with a spinorial one-form 
parameter. Indeed, the equations of motion for n a , 

^- = Qg a ipfi A ^10 e a T aa p + i B ab T ab a ^ = , (6.6.9) 

are satisfied identically on the B ab equations of motion (Q% = for 
det{)C [ab] ^) + 0, equations (6.6.5)). This is a Noether identity that indi- 
cates the presence of a local fermionic symmetry with spinorial one-form 
parameter x°, X° = e a Xa a , such that 



$xV a = X 



a 



5 x B ab = -K-nab] [cd] ^ {WTd + lB /fT ef U X P • (6.6.10) 
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We can see that the transformations (6.6.10), leave invariant the com- 
posite three-form A3 (6.5.11) considered as a form on spacetime. In the 
same way, having in mind that the contribution of any variation of the 
fundamental fields in 8 A3 on M 11 is always given by an antisymmet- 
ric third-rank tensor contribution, one concludes that any contribution 
to 6A3 from an arbitrary variation of the [-J- ' irreducible part of 5B c ab 
(which carries also an antisymmetric contribution) can always be com- 
pensated by a contribution of a proper transformation of its completely 

antisymmetric part SB[ cba \ , 

When the more general form for A3, (equations (6.5.9), (6.5.6)) is con- 
sidered, the same reasoning shows that any transformations of the new 
form B ai ' a5 can be compensated by some properly chosen B ab transfor- 
mations. The key point is that the coefficient A in (6.5.6) never vanishes. 
Hence (omitting 5e a and 8ip a ), 

5A 3 = -\e c A e d A JC cd ab 5B ab + S 2ai ...a 5 A SB a ^ + 5 2 a A S Va 

= -\e a A e b A e c SB [c ab] + 0(B A B) + 0{$ A rj) , (6.6.11) 

IC cd ab = 5 [c a 5 d] b + 0(B A B) + 0(V A n) , (6.6.12) 
(20 7l 2 + 5 2 ) = 1 s 2 + 2s + 6 
5(2 7l - S) 2 ~ 5 s 2 * 

and the variation of the completely antisymmetric part B[ abc ] of B ab = 
e c B c ab always reproduces (for an invertible K, (6.6.12)) the same equation 
Q% = as it would an independent, fundamental three-form A3 [7]. 

One might also wonder whether the equations of motion of the first 
order action with a composite A3 produce any relations for the curvatures 
Bf, B^ 1 ' 0,5 and B$ of the new fields B ab , B a ^- a ^ and rf , in the same 
way that they fix the curvatures R a and R4 of e a and A3 to be R a = 
and R4 = F4, where F4 is the auxiliary four- form of the first order 
supergravity action. An expression for the curvature R4 of A3 in terms 
of the curvatures Bf, B^- a5 , B$ and R Q may be obtained by substituting 
the composite expression (6.5.9) for ^3 in the expression (6.2.3) for R4 
[7], 

R 4 = \Bf Ae a Ae b - ^B 2ab A B b c A B ca 

-f B2 0L..OB A B a \ A B 602 - 08 + fB ai ... a5 A B a 2 \ A B ba ^ 

2 fc ai...a5bi...fe5C e /\ -D /xiJ 2 

04 Raia 2 a 3 . Da4a 5 a 6 ciC2 A K?bi...fes 

~ e ai...a6bi...65- D cic 2 A - A • c, 2 

_a 4 jjci4,asa 6 ciC2 A pfti.-.fts « octi 0,203 

2 t oi...066i...65- D /x MiJ 2 cic 2 
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At] 1 A {-if3 2 BfT ab a/3 + (3 3 B? cde T abcde Q/3 ) 

+|V /3 A (/?! e a T aa(3 - ifo B ab T ab afi + f3 3 B abcde T abcde Q/3 ) A £ 2 Q 

+|rf A (ft e a r aQ/3 - ifo B ab T ab aP + ft B abcde T abcde Q/3 ) A R' 3 , 

(6.6.13) 



where R a = has been assumed by consistency with the equations of 
motion for e a , and the coefficients are given by (6.5.6). 

If the condition R 4 = F4, where F 4 = ^e a * A ... A e ai F ai ___ a4 , is 
now imposed, equation (6.6.13) sets the value of F ai . mm(H in terms of the 
curvatures Bf, S^ 1 - 08 , B% and R Q . This reflects the existence of the 
extra gauge symmetries that makes the theory with a composite A3 carry 
the same number of degrees of freedom than the standard theory with 
a fundamental A3, as discussed previously in this section at the level of 
the equations of motion. Indeed, equation (6.6.13) with R4 = F4 is the 
only relation imposed on the new field strengths B?; b , B^ 1 '" 0,5 , B% by the 
first-order D = 11 supergravity action (2.2.3), (2.2.5) with a composite 
A3. This makes the detailed properties of the curvatures B% b , B% 1 '" aB , B^ 
of the additional gauge fields inessential: their only relevant properties 
are that the field strength F4 is constructed out of them in agreement 
with equation (6.6.13), and that such a composite field strength obeys 
the equation of motion (2.4.8), Gg = 0. 

In summary, on the one hand, the underlying gauge group structure 
implied by the new one- form fields allows us to treat D = 11 supergravity 
as a gauge theory of the supergroup S(s) x SO(l, 10), s 7^ 0, that replaces 
super Poincare. On the other hand, the supergravity action (2.2.3), (2.2.5) 
with a composite A3 also possesses 'extra' gauge symmetries (i.e., not in 
S(s) x SO(l, 10), s / 0) that make the additional degrees of freedom in 
the 'new' fields B ab , B ai - aB , r\ a pure gauge (i.e. B ab , B ai ~ a& , n a carry in 
all the same number of physical degrees of freedom as the fundamental A3 
field). One might conjecture that the superfluous degrees of freedom in 
the 'new' one-form fields, which are pure gauge in the pure supergravity 
action, could become 'alive' when supergravity is coupled to some M 
Theory objects. These could not be the usual M-branes as they couple to 
the standard fields and, hence, all the gauge symmetries preserving the 
composite ^3 would remain preserved. Thus one might think of some 
coupling of supergravity through some new action containing explicitly 
the new one- form fields. A guide in the search for such an action would 
be the preservation of the gauge symmetries of the underlying S(s) x 
50(1, 10), s 7^ 0, gauge supergroup. 
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6.7 Fields/extended superspace coordinates correspondence 

In the previous section the additional one- forms B aiCl2 , B ai " a5 and n a 
were introduced as forms on conventional D = 11 spacetime. In contrast, 
in section 6.5, the trivialization of the four-cocycle W4 associated to dA% 
was carried out assuming that all those forms, together with e a and V'", 
were independent. This was explicitly used in the derivation of the linear 
system of equations (6.5.5) for the coefficients of the trivializing three- 
form LJ3 from the expression (6.5.4) of doj^. From this point of view, 
for each value of the parameter s, the natural space on which the MC 
one-forms IP, IP 1612 , n ai - a5 , 7r a and it' 01 of the superalgebra <£(s) are 
defined, is the corresponding group manifold S(s) of <£(s), the (rigid) 
enlarged superspace manifold. 

The one-forms II a and tt 01 are the usual MC one-forms of the super- 
translations algebra <£ = (£( n l 32 ), defined on the supertranslations group 
manifold, that is, rigid superspace S = £( n l 32 ). In eleven spacetime di- 
mensions, a set of 11 bosonic coordinates x a and 32 fermionic coordinates 
6 a can be introduced to parameterize the standard rigid superspace, 

s _ s (ii|32) . z M = {x a ,6 a ). (6.7.1) 

The MC equations of the supertranslations algebra (obtained from the 
MC equations (2.1.12) of the superPoincare algebra disregarding the Lo- 
rentz part) can be solved, accordingly, in terms of superspace coordinates 
as 

n a = dx a - id6 a T a al3 0P , 

vr a = d6 a . (6.7.2) 

On standard superspace S, any (left-invariant) differential form can 
be expressed in the basis provided by the MC one- forms IP, 7r a (with 
constant coefficients). However, the assumption that the one-forms IP 6 , 
Y[ai...a 5 (•qj. their ' so ft' counterparts B ab , B ai - a5 ) are independent is equiv- 
alent to the assumption that the expressions 

dU ab = -d9 a A dO T% , 

dU ai - a5 = -id9 a A d6^T a a y a5 (6.7.3) 

(see equation (6.3.7)) cannot be solved in terms of the left-invariant MC 
one- forms IP, ir a on standard superspace S. Although the forms H ab , 
IP 1 "'" 5 are actually de Rham trivial (exact) and can indeed be solved in 
terms of the coordinates Z M = (x a ,6 a ) of S, the resulting expressions 
U ab = -de a T ab ^, IP 1 -" 5 = -idO^g-^ef 3 fail to be left invariant on 
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E. In contrast, the introduction of new parameters y , y ai --- a -> does allow 
for a solution for IP 6 , IP 1 '"" 5 in terms of them, 

U ab = dy ab _ d Qa T ab^t3 ^ 

n oi...oB = dy ai...a & _ ide a ri 1 /3 - a5 e (3 , (6.7.4) 

such that, under suitable (and straightforward) transformation rules for 
the new parameters, the forms H ab and n ai '" a5 become left invariant MC 
one-forms of an enlarged algebra. The corresponding group manifold 
yj(528|32) j g p aram eterized by the 11 bosonic x a and 32 fermionic 9 a coor- 
dinates of standard superspace, together with the additional (g 1 ) + (g 1 ) = 
517 bosonic coordinates y ab , y ai --- a 5- } $]( 528 l 32 ) is, precisely, the group man- 
ifold associated to the M Theory superalgebra 7 (£( 528 l 32 ) : 

s (528|32) . ^^y^\ y ^-^^ a ) . (6.7.5) 

When the curvatures are not zero, and in particular B% b / 0, B^ 1 '"" 15 / 
i.e., the invariant one-forms n aia2 , n oi — a6 become 'soft', rendering 
yj(528|32) non _fl a t an d no longer a group manifold. 

Likewise, if the additional fermionic one-form ir' a is considered, 32 
new coordinates 0' a must be introduced to solve for ir' a in 

dir' a = -ide? a (<m a r a -i7in^r ab + 7 2 n ai "-°5r ai ... 05 ) Q (6.7.6) 

(see the last equation of (6.3.7)), where IP, U ab and n ai "- a5 are given by 
(6.7.2), (6.7.4). In terms of the new coordinates, ir' a reads 

n ' a = de' a + io? (<m a r a - i 7 in afe r ab + 7 2 n ai - a5 r ai ... a5 )^ Q 
-l5d6v a e {v a ey + I 11 d6v ab e {v ab e) a - l l2 dev a ^o (T ai ... a5 ey ■ 

(6.7.7) 

All these coordinates thus define the enlarged superspaces S(s) parame- 
terized by the coordinates 

E(a) = s( 528 l 32+32 )(s) : Z N := (x a , y ab , y ai - fl5 ; a , ,(6.7.8) 

7 The J]( 528 l 32 ) extended superspace group may be found in our spirit by searching 
for a trivialization of the R 528 -valued two-cocycle d£ al3 = ~id8 a A dO 13 , which leads to 
the one- form £ al3 = dX af3 -idO^O^ . This introduces in a natural way the 528 bosonic 
coordinates X* including the coordinates x a , y ab , y ai - a5 in (6.7.5) (see equation 
(7.1.1) of next chapter). The transformation law S c X al3 = i0^ a e^ makes £ al3 invariant, 
and hence leads to a central extension structure for the extended superspace group 
s (528|32) TnuSj tne (maximally extended in the bosonic sector) superspace £ (52S|32) 
transformations make of £ al3 a MC form that trivializes, on the extended superalgebra 

£(528132) 

non-trivial CE two-cocycle on the original odd abelian algebra £ l ' . 
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which correspond to the group manifolds of the extended superalgebras 
<£(s) = (£( 528 l 32 + 32 ) (s). Again, when the curvatures are not zero the in- 
variant MC one-forms become 'soft', and non-flat and no longer a 
group manifold. 

The gauging of the superalgebra (5(s) (6.3.7) leads to the associated 
FDA (6.3.11), including as many one-form gauge fields (6.3.9) as group 
parameters (6.7.8) correspond to the enlarged superspace £(s). This 
points out to the existence of a fields/extended superspace coordinates cor- 
respondence [85, 86], according to which all the (here, spacetime) fields 
entering the physical action are in one-to-one correspondence with the 
coordinates (that is, group parameters of their corresponding group man- 
ifolds) of suitably enlarged superspaces. This one-to-one correspondence 
is further supported by the fact that enlarged superalgebras also arise in 
the description [179, 85] of the strictly invariant Wess-Zumino (WZ) terms 
of the scalar p-branes. These invariant WZ terms trivialize their charac- 
terizing Chevalley-Eilenberg (CE) (p + 2)-cocycles [178] on the standard 
supersymmetry algebras <^ D \ n \ including that of the D = 11 supermem- 
brane, since its WZ term is given by the pull-back to W of the three-form 
potential of the dA% superspace four-cocycle. See [86] for a review. 

Enlarged superspaces can also be used in the case of D-branes [182, 85, 
180]. Moreover, whereas the coordinates corresponding to the enlarged 
superspaces enter trivially (through a total derivative) the scalar p-brane 
actions, that is not the case for D-branes or the M5-brane. The Born- 
Infeld fields of D-branes and the antisymmetric tensor field of the M5- 
brane are usually defined as 'fundamental' gauge fields i.e., they are given, 
respectively, by one-forms Al(£) and a two-form A2(£) directly defined on 
the worldvolume W. It was shown in [85] (see also [182]) that both Ai(£) 
and ^2(0 can be expressed through pull-backs to W of forms defined 
on superspaces £' suitably enlarged by additional bosonic and fermionic 
coordinates, in agreement with the worldvolume fields/extended super- 
space coordinates correspondence for superbranes [85] (see also [183]). 
The extra degrees of freedom that are introduced by considering Ai(£) 
and ^2(0 to be the pull-backs to W of forms given on and that 
produce the composite structure of the Born-Infeld fields to be used in 
the superbrane actions, are removed by the appearance of extra gauge 
symmetries [85, 183], as it is here the case for the composite A3 field 
of D=ll supergravity. Of course, these two problems are not identical: 
for instance, in the case of D=ll supergravity with a composite A3, the 
suitably enlarged flat superspace £(s) = £( 528 l 32+32 ) (s) solves, for s / 0, 
the associated problem of trivializing the CE cocycle, but a dynamical 
A3 field requires 'softening' the = <£(5 28 l32+32) ^ s / 0, MC equa- 
tions by introducing nonvanishing curvatures; in contrast, the Born-Infeld 
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worldvolume fields A\ (£) and the tensor field A2 (£) are already dynamical 
in the flat superspace situation considered in [85]. Nevertheless, in both 
these seemingly different situations the fields/extended superspace coor- 
dinates correspondence leads us to the convenience of enlarging standard 
superspace S = £( n l 32 ). In this way, all the fields in the theory under 
consideration (be them on spacetime or on the worldvolume) correspond 
to coordinates of a suitably enlarged superspace. 

Superalgebras l£ enlarged with additional (bosonic and, possibly, fer- 
mionic) generators have been shown here to arise naturally when the 
underlying gauge structure of D = 11 supergravity is studied. The cor- 
responding group manifolds are, thus, superspaces £ enlarged with addi- 
tional (bosonic and, possibly, fermionic) coordinates, that generalize ordi- 
nary superspace S = £( n l 32 ). The role in supergravity of these enlarged 
superspaces merits further investigation. Just like ordinary supersymmet- 
ric objects are formulated as dynamical systems in standard superspace 
S, it is, thus, natural to pose actions describing the dynamics of objects 
moving in the backgrounds provided by enlarged superspaces £ and look 
for an interpretation for these actions. As an example, the next chapter 
studies the dynamics of a supersymmetric string moving in an enlarged 
superspace (corresponding, in fact, to the group manifold associated to 
the M Theory superalgebra) . Such string can be conveniently described 
in terms of supertwistors and, interestingly enough, the model is argued 
to describe the excitations of a system composed of two BPS preons. 
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A 30/32-supersymmetric 
string in tensorial superspace 



In the early period of superstring theory, when it was found that all 
D = 10 super gravities appear as low energy limits of superstring models, 
a question arose: what is the origin of maximally extended D = 11 su- 
pergravity? Its relation with the supermembrane [71] was established by 
studying the supermembrane action in a supergravity background; how- 
ever, the quantization of the supermembrane was fraught with difficulties. 
An indication was found [184] that the quantum state spectrum of the su- 
permembrane is continuous, a problem now sorted out by treating [185] 
the supermembrane as an object composed of DO-branes in the frame- 
work of the Matrix model approach [186]. Another aspect of the same 
problem was that the membrane was shown to develop string-like insta- 
bilities [184]. The Green-Schwarz superstring is free from these problems, 
but it is a D = 10 theory. Thus, it was tempting to search for possible 
new D = 11 superstring models hoping that their low energy limit would 
be eleven-dimensional supergravity. Such a search requires going beyond 
the standard superspace framework: in moving from D = 10 to D = 11 
one has to add also extra bosonic degrees of freedom, thus arriving to an 
enlarged D = 11 superspace rather than to the standard one. 

In section 7.1, models in enlarged superspaces are argued to provide 
higher spin generalizations of their standard superspace counterparts. A 
supersymmetric string action in maximal, or tensorial superspace (the 
supergroup manifold corresponding to the M Theory superalgebra, and 
its generalizations containing n fermionic and \n[n + 1) bosonic coor- 
dinates) is subsequently introduced in section 7.2. The model does not 
use D = 11 gamma-matrices, but instead includes two auxiliary bosonic 
spinor variables 1 , A+ and A~. As a consequence, the resulting supersym- 
metric string action possesses 30 local fermionic K-symmetries, although 

1 Actually, the model possesses S*p(32) symmetry besides the SO(l, 10) one, so that 
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it does not include a Wess-Zumino term as that of [191]. In the general 
formulation in terms of n fermionic coordinates, the number of preserved 
K-symmetries is n — 2, so that, for any n, the models provide an extended 
object action for the excitations of a state composed of two BPS preons. 

Sections 7.3 and 7.4 describe, respectively, the equations of motion 
and gauge symmetries of the model, including the (n — 2) /t-symmetries 
and their 'superpartners', the (n— l)(n— 2)/2 bosonic gauge ^-symmetries. 
The gauge symmetries are studied in section 7.5 in the Hamiltonian ap- 
proach. We also discuss there the number of degrees of freedom of our 
model. In Sec. 7.6 we show that its action may be formulated in terms of 
a pair of constrained OSp(2n\l) supertwistors (see [148]) which, by def- 
inition, are invariant under both k- and ^-symmetries. The hamiltonian 
analysis then simplifies considerably, as shown in section 7.7. Section 
7.8 contains the hamiltonian analysis in terms of unconstrained super- 
twistors. The generalization of the model to the super-p-brane case is 
given in Sec. 7.9. Some details about the supertwistor formulation of the 
model are included in Appendix C. This chapter follows reference [8]. 

7.1 Models in enlarged superspaces 

A first example of a supersymmetric string action in an enlarged D = 11 
superspace was found in [191]. The model, possessing 32 supersymme- 
tries and 16 ^-symmetries, was constructed in the enlarged superspace 
vj(528|32)_ ^his con tains 32 fermionic coordinates 6 a and 528 bosonic co- 
ordinates ^^^^W-W (y^ = -y»» = y[H 5 ^l-WS = y^l-Ws]) wn i C h 

may be collected in a symmetric spin-tensor X alS = X@ a , 

x«p = £ (x»vf - y»v# + ^/-'-r;; : :.,„) , (7.1.1) 

so that the coordinates of £( 528 l 32 ) are (see equation (6.7.5)): 

Z M = (X af3 ,e a ) , X af3 = X (ia , a, = 1,2,..., 32 . (7.1.2) 

Recall that the £( 528 l 32 ) superspace has a special interest because it is the 
supergroup manifold associated with the maximal D = 11 supersymmetry 
algebra g( 528 l 32 ) ; the M Theory superalgebra, defined in chapter 2 by the 
(anti)commutators (2.1.10) or the MC equations (2.1.15). In fact, the 
coordinates X af3 parameterizing the superspace $]( 528 l 32 ) can be seen as 
canonically conjugate to the generalized momentum P a p entering the M— 
algebra and defined in equation (2.1.9). Also, the MC one-forms IP, 7r a , 

A* may be considered as symplectic vectors (called 's- vectors' in [187, 188]) rather than 
Lorentz spinors. See footnote 1 of chapter 4. See [189] for a spacetime treatment of a 
CP 3 sigma model i.e., of a string theory in twistor space, and its relation to Yang-Mills 
amplitudes. See [190] and references therein for very recent work in this subject. 
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Ii ab and n ai --- as can be solved by the coordinates X alS (see equations 
(6.7.2), (6.7.4)). 

The model of [191] may also be restricted to the superspaces 2 S^ 66 ' 32 ) 
((x»,y» u , 6 a ), with 66 bosonic coordinates) and £( 462 l 32 ) ((ar**, y^-w , 6 a ), 
with 462 bosonic coordinates). For the sake of definiteness, we shall 
call here maximal, or tensorial superspaces, those with bosonic coordi- 
nates of symmetric 'spin-tensorial' type, like $]( 528 ! 32 ) and its counterparts 

E (2fc*H|n) . = ^a/3 ) ^ = X /Ja a, (3 = 1,2, ... n, (7.1.3) 

where n = 2 l for suitable Z, to allow for an interpretation of n as the 

/ n(n+l) I \ 

number fermionic coordinates. This name distinguishes the T, ( 2 l n J 
superspaces from other, not maximally extended (in the bosonic sector) 
superspaces like £( 66 l 32 ) and £( 462 l 32 ) whose bosonic coordinates may be 
described by a spin-tensor X alS only if it satisfies some conditions. 

The main problem of the approach in [191] is how to treat the large 
number of additional bosonic degrees of freedom 3 in the coset(s) 

S (528|32) /S (ll|32) ( Qr S (462|32) /S (11|32) ? E (66|32) /E (ll|32) ^ wher6) ag ugual) 

S = £( n l 32 ) is the standard D = 11 superspace (see (6.7.1)). Actually, the 
same problem arises in any approach dealing with enlarged superspaces 
[85, 193, 148, 155, 83, 187, 188, 194, 195, 150, 149, 8]. Thus, one has to 
find a mechanism that either suppresses the additional (with respect to 
the usual spacetime/superspace £( D l n )) degrees of freedom or provides 

/ n(n+l) I \ 

a physical interpretation for them. In this respect T, { 2 \ n > ; despite 
having a maximal bosonic part, has some advantages with respect to 
non-maximally extended superspaces. Indeed, the bosonic sector of the 
tensorial superspace (7.1.3), 

. X ap = x p a ? a ,P=l,2,...,n , (7.1.4) 

was proposed for n = 4 [196] as a basis for the construction of D = 4 
higher-spin theories [197, 187, 188]. Moreover, it was shown in [155] 

/ n(n+l) I \ 

that the quantization of a simple superparticle model [148] in 2 > n > 
for n = 2, 4, 8, 16 results in a wavefunction describing a tower of massless 

2 A11 these superspaces £ (528 ^ 32) , £(462|32) and s (66|32)^ congi^gj-gd as supergroup 
manifolds, may be seen as central extensions of an abelian 32-dimensional fermionic 
group by tensorial (equation (7.1.1)) bosonic groups [85]. See footnote 7 of chapter 6. 

3 See [192] for a later related search based on an attempt to replace the K-symmetry 
requirement by a dynamically generated projection constraint on the spinor coordinate 
functions. This approach also suffers from the problem of additional bosonic degrees 
of freedom. 
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fields of all possible spins (helicities) . Such an infinite tower of higher spin 
fields allows for a non-trivial interaction in AdS spacetimes [198, 197] 4 . 

To give an idea of the relation between higher spin theories and max- 
imally extended superspaces, let us consider the free bosonic massless 
higher-spin equations proposed in [187] (for n = 4). These can be col- 

lected as the following set of equations for a scalar function b on T, { 2 l u J 
d a[p d j]s b(X) = , (7.1.5) 

where d a p = d/dX a/3 . Equation (7.1.5) states that dapd^s is fully sym- 
metric on a non-trivial solution. In the generalized momentum represen- 
tation equation (7.1.5) reads 

k a [pk^] S b(k) = . (7.1.6) 

This implies that b(k) has support on the "( n 2 +1 ) — " ( -" 2 ~ 1 ^ = n-dimensional 

surface in momentum space X' 2 1 ' (actually, in 2 \{0}) on 
which the rank of the matrix k^s is equal to unity [188] . This is the surface 
defined by k a p = X a X/3 (or — AqA/j) characterized by the n components of 
X a . In a l GL(n, IR)-preferred' frame (an analogue of the standard frame 
for lightlike ordinary momentum), X a = (1,0, ... ,0) and the surface is 
the GL(n, M)-orbit of the point k a p = S a i6p\. Thus, equation (7.1.6) may 
also be written as 

(fca/J " AaA^ft = , (7.1.7) 

which is equivalent to writing equation (7.1.5) in the form 

{id al3 - X a X/3)b = . (7.1.8) 

Equations (7.1.7) and (7.1.8) may be considered [8] as the generalized 
momentum (k a p) and coordinate (X a ^) representations of the defini- 
tion (4.1.10) of a BPS preon [83] (see section 4.1 of chapter 4). The 
solutions of equations (7.1.7), (7.1.8) are the momentum and coordinate 
'wavefunctions' corresponding to a BPS preon state |A), b(X) = (X\X), 
b(k) = (k\X). These equations also appear as a result of the quantization 
[155] of the superparticle model in [148] 5 . 

4 A relation between the generalized n — 4 superparticle wavefunctions [155] and 
Vasiliev's 'unfolded' equations for higher spin fields was noted in [187]. This was elab- 
orated in detail in [199], where the quantization of an AdS superspace generalization 
of the n — 4 model of [148] was also carried out (see also [200] for a related study of 
higher spin theories in the maximal generalized AdSi superspace) . 

5 In [187, 201] equation (7.1.8) was written as (d a p - ^-^)K X ^) = which is 
an equivalent 'momentum' representation obtained by a Fourier transformation with 
respect to X a , see [199]. 
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Thus, in contrast with other extended superspaces, the models in the 

/ n(n + l) I \ 

tensorial superspaces E 1 - 2 \ n > can be regarded as higher spin general- 
izations of the models in standard superspace a recent review 
of higher spin theory see [203] . 

7.2 A supersymmetric string in tensorial superspace 

/ n(n+l) I \ rt 

A superstring in YS-^—\ n > is described by worldsheet functions X a ^{^), 
a (£)j where £ = (r, a) are the worldsheet W 2 coordinates. We propose 
the following action [8]: 

S=^ J [e ++ A n a/3 A~A^ - e~ A n a/3 A+A+ - e ++ A e~] , (7.2.1) 

where 

n a/3 (0 = dx a/3 (0 - eP\o = druf + daii^ ; 

a,/? = l,...,n, m = 0,l, £ m = (r, a) , (7.2.2) 

with dimensions [1/a'] = ML" 1 , [IF' 3 ] = L, [e ±=t ] = L (c = 1). The 
two auxiliary worldvolume fields, the bosonic spinors A~(£),A+(£), are 
dimensionless and constrained by 

C^X+Xp = 1 ; (7.2.3) 

e±± (£) = ^ m ' e m ± (0 = ^ re r ± (0 + dvet^iQ are * wo auxiliary worldvol- 
ume one-forms. The one-forms e ±± are assumed to be linearly indepen- 
dent and, hence, define an auxiliary worldsheet zweibein 

e a = (e°, e 1 ) = dT^Cf ) = + e"), ±(e++ - e~)). (7.2.4) 

The C a/3 in (7.2.3) is an invertible constant antisymmetric matrix 

which can be used to rise and lower the spinor indices (as the charge 
conjugation matrix in Minkowski spacetimes). The invertibility of the 
matrix C a/3 requires n to be even; this is not really a limitation since, 
after all, we are interested in n = 2 l to allow for a spinor treatment of 
the a, (3 indices. 

We shall refer to this n = 32 (E( 528 l 32 )) model D = 11 superstring, 
which implies the decomposition of equation (2.1.9) for the generalized 
momentum. Nevertheless, the n = 32 case also admits a D = 10, Type 

6 Formulations of higher spin theories are currently known up to spacetime dimension 
D = 10 [202]. 
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IIA treatment, which uses the same C a/3 of the D = 11 case, and in which 
the decomposition (2.1.9) is replaced by its D = 10, IIA counterpart 
obtained from (2.1.9) by separating the eleventh value of the vector index. 

The action (7.2.1) is invariant under the supersymmetry transforma- 
tions 

5 t X a ? = iO&S , 5 t 6 a = e a , <S e A± = , <5 e e ±± = , (7.2.6) 

as well as under rigid Sp(n,M) 'rotations' acting on the a, (3 indices. 
Note also that, although formally the action (7.2.1) possesses a manifest 
GL(n, M) invariance, the constraint (7.2.3) breaks it down to Sp(n, R) 
C GL(n, R). Under the action of Sp(n, R), the Grassmann coordinate 
functions a (£) and the auxiliary fields A^(£) are transformed as sym- 
plectic vectors and A a/3 (£) as a symmetric symplectic tensor. Neverthe- 
less, we keep for them the 'spinor' and 'spin-tensor' terminology having in 
mind their transformation properties under the subgroup Spin(t, D — t)c 
Sp(n,~R), which would appear in a 'standard' (t, D — t) spacetime treat- 
ment. 

/ n(n-\-l) I \ 

The above X 1 - 2 \ n > superstring model may also be described by 
an action written in terms of dimensionful unconstrained spinors A^ (£), 
[A±] = (ML -1 ) 1 / 2 [8], 



/ I' 
Jw 2 



e++ A n Q/3 A~ A~ - e— A U a/3 A+A+ 

-a'e ++ A e" (C Q/3 A+A-) 2 ] . (7.2.7) 

Indeed, one can see that the action (7.2.7) possesses two independent 
scaling gauge symmetries defined by the transformation rules 

e ++(£) e 2Q «)e ++ (0 , A-(0^e- a ^A-(0 (7.2.8) 

and 

e— (0^e 2 ^)e— (0, A+(£) - e"^A+(0 . (7.2.9) 

This allows one to obtain C^A+A" = I /a' as a gauge fixing condition. 
Then the gauge fixed version of the action (7.2.7) coincides with (7.2.1) 
up to the trivial redefinition A± = (a')~ 1 / 2 X^. The gauge C a/3 A+A^ = 
1/a 1 (equivalent to equation (7.2.3)) is preserved by a one-parametric 
combination of (7.2.8) and (7.2.9) with a = —(3, which is exactly the 
50(1, 1) gauge symmetry (world volume Lorentz symmetry) of the action 
(7.2.1), 

e ±±(£) ^ e ±2a(0 e ±± (e) t x ± {0 e ±«(0 A ±(O . (7.2.10) 
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The tension parameter T = 1/a' enters in the last ('cosmological') 
term of the action (7.2.7) only. Setting in it a' = one finds that the 
model is non-trivial only for e ++ oc e and A + oc A~ in which case one 
arrives at the tensionless super-p-brane action (with p = 1) of reference 
[149], S = J d 2 ^p ++m U^ A'Ap. As we are not interested in this case, 
we set a' = 1 below since the a' factors can be restored by dimensional 
considerations. 

The most interesting feature of the model (7.2.1), (7.2.7) is that, being 

/ n(n + l) I \ 

formulated in the tensorial S l 2 i n > superspace with n fermionic coor- 
dinates, it possesses (n — 2) K-symmetries [8]; we will prove this in section 
7.4. For a supersymmetric extended object in standard superspace, the 
fv-symmetry of its worldvolume action determines the number k of super- 
symmetries which are preserved by the ground state, which is a v = ^ 
BPS state made out of h = n — k preons if at least one supersymmetry, 
k > 1, is preserved (see section 4.1 of chapter 4). In the present case, we 
may expect that the ground state of our model should preserve (n — 2) 
out of n supersymmetries, i.e. that it is a v = BPS state (n = 2, || 
BPS state for the D = 11 tensorial superspace £( 528 l 32 )). 

For n = 2, X a/3 provides a representation of the 3-dimensional Min- 
kowski space coordinates, X alS oc T^x M (a,/3 = 1,2; p, = 0,1,2). Thus 
the n = 2 model (7.2.1) describes a string in the D = 3 standard £( 3 I 2 ) 
superspace. However, in the light of the above discussion, it does not pos- 
sess any K-symmetry and, hence, its ground state is not a BPS state since 
it does not preserve any supersymmetry. The situation becomes different 
starting with the n = 4 model (7.2.1), which possesses two K-symmetries, 
the same number as the Green-Schwarz superstring in the standard D = 4 
superspace. For D > 6, n > 8 the number of K-symmetries of our model 
exceeds n/2 and thus the model describes the excitations of BPS states 
with extra supersymmetries, a || BPS state in the D = 11 S^ 528 ! 32 ) su- 
perspace. 

The number of bosonic degrees of freedom of our model is 4n — 6 [8] 
(see section 7.5). It is not as large as it might look at first sight due to the 
'momentum space dimensional reduction mechanism' [155] which occurs 
due to the presence of auxiliary spinor variables entering the generalized 
Cartan-Penrose relation (see equation (7.5.8) below) generated by our 
model. However, it is larger than that of the (D = 3, 4, 6, 10) Green- 
Schwarz superstring (which has D [2n = 4(D — 2)] bosonic [fermionic] 
configuration space real degrees of freedom, which reduce to D — 2 [2(D — 
2)] after taking into account reparameterization invariance (^-symmetry), 
thus resulting in 2{D — 2) bosonic and 2(D — 2) fermionic phase space 
degrees of freedom). Thus, the relation of models in tensorial superspaces 
to higher spin theories mentioned in section 7.1, allows us to consider our 
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model as a higher spin generalization of the Green-Schwarz superstring, 
containing additional information about the non-perturbative states of 
the String/M Theory. 

The number of fermionic degrees of freedom of our model is 2 for any 
n, less than that of the D = 4, 6, 10 (N = 2) Green-Schwarz superstring. 



7.3 Equations of motion 

Consider the variation of the action (7.2.1). Allowing for integration by 
parts one finds 



SS 

lw 2 



= [ d(e"X+X+-e ++ X~X^isU^ 
Jw 2 

-2i [ e ++ A d6 a X~ 59^ Xg +2i [ e~ A A+ 56? A+ 
Jw 2 Jw 2 

+ / (IT*' 3 A+A+ - e++) A Se— - f (Yl a ? X~Xg - e~) A <5e++ 

Jw 2 Jw 2 
+5 X S , (7.3.1) 

where i s U a ^ = 5X a/3 - iSe^O® and the last term 

5 X S = + / 2e++ A U a ?Xg5X~ - [ 2e~ A H~ a/3 A+£A+ , (7.3.2) 
Jw 2 Jw 2 

collects the variations of the bosonic spinors A^(£). 

The equations of motion for the bosonic coordinate functions, 5S/5X a ? 
(= 5S/isIl a ?) = 0, turn out to restrict the auxiliary spinors and auxiliary 
one- forms, 

d(e—\+\+-e ++ \-\p) = 0. (7.3.3) 
The equations for the fermionic coordinate functions, 5S/56 a = 0, read 

e++ A de a X~X- B - e— A d0 a X+X+ = , (7.3.4) 
which, due to the linear independence of the spinors A+ and A~, imply 

e++ A d6 a X~ = , e A d6 a A+ = . (7.3.5) 

The equations for the one- forms e ±± (£) express them through the world- 

sheet covariant bosonic form (7.2.2) of the Tr- 2 |n * ) superspace and the 
spinors A±(£), 

e ++ = n a/3 A+A+, (7.3.6) 

e~ = n^A-A^. (7.3.7) 
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This reflects the auxiliary nature of e ±± and implies that equations (7.3.3) 
and (7.3.5) actually restrict U af3 and d6 a , 

d(W s \-\J A+A+ - IF* A+A+ = , (7.3.8) 

IF 5 A+A+ A a!9 a \~ = , (7.3.9) 
W 5 X~Xj A d6 a \+ = . (7.3.10) 

The necessity of the constraints (7.2.3) on the bosonic spinor variables 
can be seen to stem from the equations (7.3.6), (7.3.7). Indeed, were the 
constraints (7.2.3) ignored, the variation of the action (7.3.2) with respect 
to unconstrained would yield e ++ AH a @ A^ = and e All a/3 A^ = 0. 
By (7.3.6) (or (7.3.7)) this would imply, in particular, e ++ A e = 0, 
contradicting the original assumption of independence of the one-forms 
e ++ and e and, actually, reducing the present model to a p = 1 version 
of the tensionless p-brane model [149] . 

As A^ are restricted by the constraint (7.2.3), this constraint has to 
be taken into account in the variational problem. Instead of applying the 
Lagrange multiplier technique, one may restrict the variations to those 
that preserve (7.2.3), i.e. such that 

C aP 5\+\p + C a P\t5\p = . (7.3.11) 

One can solve (7.3.11) by introducing a set of n — 2 auxiliary spinors 
'orthogonal' to the A± (c/. [154, 204]), 

C a V>J = 0, / = l,...,n-2 , (7.3.12) 

and normalized by 

C^uiuj = C IJ , C IJ = -C JI , (7.3.13) 

where C IJ is an antisymmetric constant invertible (n — 2) x (n — 2) matrix. 
The n spinors 

{A+, A-,^}, I=l,...,n-2, (7.3.14) 

provide a basis that can be used to decompose an arbitrary spinor world- 
volume function (cf. [205]), and in particular the variations 5X + , 5\~. 
Then one finds that the only consequence of equation (7.3.11) is that the 
sum of the coefficient for A + in the decomposition of 5X + and that of 
A~ in the decomposition of 5\~ vanishes . In other words, the general 
solution of equation (7.3.11) reads 

SX+ = ^)A+ + n ++ (5)\- + nj{5)ui , (7.3.15) 
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5\- = -w(<5)A- + n-(S)X+ + nj(5)ui , (7.3.16) 

where ttf(5), £1^(5) and u(S) are arbitrary variational parameters. Sub- 
stituting equations (7.3.15), (7.3.16) into (7.3.2), one finds 

5 X S = - [ (2e++ A U^X-X- + 2e~ A n^A+A+M<5) 

+ / 2e++ An Q ^AlA+fi— (<5) 

+ / 2e~ An^A+A-(] ++ (i) 

+ / 2e++ AIT^AIm^J^) 
iw 2 

-/ 2e __ An a "A+ti^+(i) . (7.3.17) 

Now we can write the complete set of equations of motion which 
include, in addition to equations (7.3.3), (7.3.5), (7.3.6), (7.3.7), the set 
of equations for A„, which follows from 5S/u>(5) = 0, 5S/£l ++ (5) = 0, 
5S/nj(5) = 0, 5S/Q— (5) = 0, and 6S/SIJ (5) = 0, namely 

e ++ A n al3 XpX~ + e~ A n a/3 A+A+ = , (7.3.18) 

e ++ An «/3 A - A + = o , (7.3.19) 

e — A n Q/3 A^A~ = , (7.3.20) 

e ++ A n Q/3 A^ = , (7.3.21) 

e— A n a/3 A+u^ = . (7.3.22) 

Due to the linear independence of both one- forms e ++ = d£ m e+ + (£) and 
e~ = d$ m e~(0, equations (7.3.19), (7.3.20) imply 

n a/3 A^ A+ = . (7.3.23) 

Decomposing the bosonic invariant one form U a/3 = dt m n^ in the basis 
provided by e ±=l= , 

U *P = e ++ n f + + e — n ^ , (7.3.24) 

n ±± = V±±X a/3 - iV±±fl (a 0# , (7.3.25) 
where V±± is defined by 

d= e ±± V±± = e ++ V ++ + e— V__ , (7.3.26) 
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one finds that equations (7.3.21) and (7.3.22) restrict only the derivatives 
(V++, V ) of the bosonic coordinate function X a @(l;), respectively, 

n^A^ = (v__x Q/3 - iv^e (a e®) x^ui = o , (7.3.27) 

nf+A+n^ ee (V ++ X^ - iV ++ 0<° \+ui = . (7.3.28) 

In the same manner, equations (7.3.5) can be written as 

V__0 Q A" = , V++r A+ = . (7.3.29) 

The analysis of the above set of equations in the tensorial super- 
space, the search for solutions and their reinterpretation in standard D- 
dimensional spacetime, possibly along the fields/extended superspace co- 
ordinates correspondence of [85] (see section 6.7 of chapter 6) , or of the 
'two-time physics' approach of [206], lies beyond the scope of this Thesis. 



7.4 Gauge symmetries 

The expression (7.3.1), with (7.3.17), for the general variation of the 
super symmetric string action (7.2.1) shows that the model possesses n 
super symmetries and (n — 2) K-symmetries of the form [8] 

M a (0 = C a S(0«/(0 , (7-4-1) 
6 K X a f , (Z)=i6 K e<> a (Z)0®(O, (7.4.2) 
<U±(0 = 0, 5^(0 = 0, (7.4.3) 

with (n — 2) fermionic gauge parameters «/(£) (30 for £( 528 l 32 )). In the 
framework of the second Noether theorem this K-symmetry is reflected by 
the fact that only 2 of the n fermionic equations (7.3.4) are independent. 
We stress that the (n - 2) GL(n,R) vector fields u J a defined by (7.3.12) 
are auxiliary. They allow us to write explicitly the general solution of the 
equations 

6 K d a (£)\±(0=0, (7.4.4) 

which define implicitly the K-symmetry transformation (7.4.1). Note that 
the dynamical system is ^-symmetric despite it does not contain a Wess- 
Zumino term. This property seems to be specific of models defined on 
tensorial superspaces. 

Our model also possesses |(n — l)(n — 2) 6-symmetries, which are the 
bosonic 'superpartners' of the fermionic ^-symmetries, defined by 

SbX^ = b IJ (0u aI u l3J , 5 b e a = 0, 5 b \t = 0, 5^ = 0, (7.4.5) 
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where is symmetric and I, J = 1, ... ,n — 2. They are reflected 

by the (n — l)(n — 2)/2 Noether identities stating that the contractions 
of the bosonic equations (7.3.3) with the u aI u" J bilinears of the (n — 2) 
auxiliary bosonic spinors u aI (= C^u 1 ^) vanish 1 . 

The remaining gauge symmetries of the action (7.2.1) are the 50(1, 1) 
worldsheet Lorentz invariance 

SX a/3 = 0, 56 a = 0, 5\± = ±u(8)\±, Se^ = ±2u(S)e ±± , (7.4.6) 

which is reflected by the fact that equation (7.3.18) is satisfied identically 
when equations (7.3.6), (7.3.7) are taken into account, and the symmetry 
under worldvolume general coordinate transformations. 

As customary in string models, the general coordinate invariance and 
the 50(1, 1) gauge symmetry allows one to fix locally the conformal gauge 
where e m a (£) = e^^S^ or, equivalently 

e ++ = e <H0 (d T + da) , e~ = e m (dr - da) , (7.4.7) 
& e ++ = e ++ = e*«) , e~ = -e" = -e^) . (7.4.8) 

This indicates that it makes sense to consider the fields (r, a) as 
nonsingular (-^ = ±e~^& in the conformal gauge), a fact used in the 
Hamiltonian analysis below. 

According to the correspondence [147, 58] between the K-symmetry of 
the worldvolume action and the supersymmetry preserved by a BPS state 
{e.g. by a solitonic solution of the supergravity equations of motion), the 
action (7.2.1) defines a dynamical model for the excitations of a BPS state 
preserving all but two super symmetries. Such a BPS state can be treated 
as a composite of two BPS preons (n = 32 — 30). This will be proved 
after the Hamiltonian analysis of next section. 

7.5 Hamiltonian analysis 

The gauge symmetry structure of the model has already been shown in 
the Lagrangian framework. However, our dynamical system possesses ad- 
ditional, second class, constraints [207], one of which is condition (7.2.3). 

/ n(n+l) I \ 

The Hamiltonian analysis of our 2 \ n > superstring model [8], that 

7 In the massless S' - 2 superparticle and tensionless super-p-brane models the 
6-symmetry [148, 155, 149] is n(n — l)/2 parametric. This comes from the fact that 
such models contain a single bosonic spinor A Q and the non-trivial 6-symmetry varia- 
tion is the general solution of the spinorial equation S b X al3 X a = 0. In our tensionful 
superstring model with two bosonic spinors A*(£), the (n — l)(n — 2)/2 paramet- 
ric ^-symmetry transformations (equation (7.4.5)) are the solutions of two equations 
8 b X al3 \t = and 5 b X af3 \- =0. 
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we perform in this section, will allow us to find the number of field theo- 
retical degrees of freedom of our model and to establish its relation with 
the notion of BPS preons [83] (see section 4.1 of chapter 4). 
The Lagrangian density C for the action (7.2.1), 

S= f drdaC, (7.5.1) 
Jw 2 

is given by 

-(et + e-- - e + a + e--) , (7.5.2) 

where 

uf = d T x af3 - id T e {a e^ , uf = d a x af3 - id a e^e^ , (7.5.3) 

are the worldsheet components of the one-form (7.2.2). 

The momenta Pm canonically conjugate to the configuration space 
variables 

Z M = Z M^ a) := & a x ± e ±± e ±±^ (7 5 4) 

are defined as usual: 

P M = {P*fi , vr a , P« W , Pl ± , Pl ± ) = d{d 9 ^ M) . (7.5.5) 

The canonical equal r graded Poisson brackets, 

[Z«{a) , P M {<?')} P = -{-lf M [P M {<?') , Z M {°)} P , (7.5.6) 
are defined by 

[Z^(a'),P M (a)} P := (-1)"5&6(<t - a 1 ) , (7.5.7) 

where (-l)^ = (-1)^(^0 an d the degree deg(AA) = deg(Z Ar ) is for 
the bosonic fields, Z^ = X a @ , A^, (or for the 'bosonic indices' N = 
(af3), (a±), (±±),m), and 1 for the fermionic fields Z N = 6 a (or for the 
'fermionic indices' M = a and M = ±). 

Since the action (7.2.1) is of first order type, it is not surprising that 
the expression of every momentum results in a primary [207] constraint. 
Explicitly, 

V a /3 = P a /3 + ejr+A^A^ - e~ A+A+ « , (7.5.8) 
V a = ir a + i^P a B « , (7.5.9) 
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P± (A) « , (7.5.10) 
P£± w , (7.5.11) 
~ , (7.5.12) 

where only V a is fermionic. Condition (7.2.3), 

M := C a/3 A+A^ -1«0, (7.5.13) 

imposed on the bosonic spinors from the beginning, is also a primary 
constraint and has to be treated on the same footing as equations (7.5.8)- 
(7.5.12). 

The canonical Hamiltonian density H.q, 
Ho = d T Z M P M -C , (7.5.14) 
calculated on the primary constraints (7.5.8)-(7.5.12) hypersurface reads 
Ho = e--nf A+A+ - e++nf A"A£ + (e+ + e;~ - e+V) -(7.5.15) 
The evolution of any functional f(Z M ,Pj^) is then defined by 

d T f = [f , J daH'} P , (7.5.16) 

involving the total Hamiltonian, J daTC', where the Hamiltonian density 
7i' is the sum of Tto in equation (7.5.15) and the terms given by integrals of 
the primary constraints (7.5.8)-(7.5.12) multiplied by arbitrary functions 
(Lagrange multipliers) [207]. Then one has to check that the primary 
constraints are preserved under the evolution, d T V a p ~ 0, etc. At this 
stage additional, secondary constraints may be obtained. This is the case 
for our system. 

Indeed, since the constraints (7.5.12) have zero Poisson brackets with 
any other primary constraint, their time evolution is just determined by 
the canonical Hamiltonian Ho, d T V±± = [V±±, f daHo] P - Then d T V±± ~ 
can be seen to produce a pair of secondary constraints, 

*±± == nfA^Aj-efF 

= (d a X a P - id^e^X^Xj - eJ T w . (7.5.17) 

Slightly more complicated calculations with the total H' show that we 
also have the secondary constraint 

$ (0) . = = (d a X al3 - id a 6 (a 6^)\+\p w (7.5.18) 

(details about its derivation can be found below equation (7.5.32)). The 
appearance of this secondary constraint may be understood as well by 
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comparing with the results of the Lagrangian approach: it is just the a 
component of the differential form equation (7.3.23). 

The secondary constraints (7.5.17) imply that the canonical Hamilto- 
nian Ho, equation (7.5.14), vanishes on the surface of constraints (7.5.17), 

H ~0, (7.5.19) 

a characteristic property of theories with general coordinate invariance. 
Hence the total Hamiltonian reduces to a linear combination of the con- 
straints (7.5.8)-(7.5.12), (7.5.17), (7.5.18), 

H = -e++$++ + e"$__ + + L al3 V a p + i a V a 

+ltP± X) + L ±± P±± + h^P^ + L (n) AA (7.5.20) 

where , L a @ , £ a , 1^, L ±=t , h^, and zte^ 1 * 1 are Lagrangian multi- 
pliers whose form should be fixed from the preservation of all the primary 
and secondary constraints under r-evolution. 

Note that the constraints (7.5.12) are trivially first class, since their 
Poisson brackets with all the other constraints, including (7.5.17) and 
(7.5.18), vanish. This allows us to state that e^ ± (^) are not dynamical 
fields but rather Lagrange multipliers (as the time component of electro- 
magnetic potential Aq in electrodynamics). Nevertheless, the appearance 
of these Lagrange multipliers from the r components of the zweibein 
puts a 'topological' restriction on a possible gauge fixing; in particular the 
gauge = is not allowed. Indeed, the nondegeneracy of the zweibein, 
assumed from the beginning, reads 

det (C(6) = Wr'et + - e+ + e~) + . (7.5.21) 

Just due to this restriction, studying the r-preservation of the primary 
constraints, one finds the secondary constraint (7.5.18). 

If by checking the (primary and secondary) constraints preservation 
under r-evolution one finds that some lagrangian multipliers remain un- 
fixed, then they correspond to first class constraints [207] which generate 
gauge symmetries of the system through the Poisson brackets. In other 
words, since the canonical Hamiltonian vanishes in the weak sense, the to- 
tal Hamiltonian is a linear combination of all first class constraints [207]. 
If some of the equations resulting from the r-evolution of the constraints 
(or their linear combinations) do not restrict the Lagrangian multiplier, 
but imply the vanishing of a combination of the canonical variables, they 
correspond to new secondary constraints, which have to be added with 
new Lagrange multipliers to obtain a new total Hamiltonian. In this case 
the check that all the constraints are preserved under r-evolution has to 
be repeated. 
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This does not happen for our dynamical system: a further check of 
the constraints r-preservation does not result in the appearance of new 
constraints. Indeed, it leads to the following set of equations for the 
Lagrange multipliers 

d a {e--\+ a \+ - e++A-A^ + / (0) A+ A^) 

-2e"-A+ 1+ + 2et + \- { J- ) + L++A"A^ - L~A+A+ « , (7.5.22) 

A" [2iet + (d a 9\-) - ilW(d a 9\ + ) + 2ie++(^A-)] 
-\+[2ie--{dJ\ + ) + il(°\d a 6\-) + 2ie--(£\ + )} « , (7.5.23) 

-2e-~nf\+ - l^IlfXp + 2e-~L a/3 A+ - L^C^A^ « 0(7.5.24) 

2e+ + Uf\g - l^Uf\+ - 2e++L a(3 \- - L^C a/3 X+ « , (7.5.25) 



e"- - L a @X~Xp « , (7.5.26) 

e++ - L^A+A+ « , (7.5.27) 

£C°% - /"C^A+ « , (7.5.28) 

d a L a/3 X~Xp + 2i(£X~)(d a 6X~) + 2/ n CT A - L ss , (7.5.29) 

d CT L a/3 A+A+ + 2i(£A+)(d (T #A + ) + 2;+n CT A+ - L++ ss , (7.5.30) 

d a L°0\+Xj; + i(^A + )(a CT 0A-) - i(eA-)(a CT ^A+) + 

+; + n CT A~ + /~n CT A + « , (7.5.31) 



where the weak equality sign is used to stress that one may use the 
constraints in solving the above system of equations. For brevity, in 
equations (7.5.22)-(7.5.31) and below we often omit spinor indices in the 
contractions 

(d^A^d^Aj, (£A±) = ^A±, 

^ ± n (7 A ± = itK^t > l±LX± = l * L f x t ■ ( 7 - 5 - 32 ) 

Note that equations (7.5.22)-(7.5.28) come from the requirement of r- 
preservation of the primary constraints, while that for the secondary con- 
straints leads to equations (7.5.29)-(7.5.31). Thus the above statement 
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about the appearance of the secondary constraint (7.5.18) can be checked 
by studying equations (7.5.22)— (7.5.28) with = 0. In this case the 
contraction of equation (7.5.24) with (— A~) and of equation (7.5.25) with 
A+ results, respectively, in the equations e~~A + n cr A~ — e~~A + LA~ « 
and e^T+A+Ilo-A - — e+ + A + LA _ ~ 0. Due to the nondegeneracy of the 
zweibein, equation (7.5.21), the solution to these two equations is trivial, 
i.e. it implies A + LA~ « and A + n CT A~ « 0, the last of which is just the 
secondary constraint (7.5.18). 

To solve this system of equations for the Lagrange multipliers and thus 
to describe explicitly the first class constraints, we can use the auxiliary 
spinor fields defined as in (7.3.12), (7.3.13). The general solution 

of equations (7.5.22)-(7.5.31) obtained in such a framework reads 



L afi = b IjU aI U P J 



It 



e+ + A- Q A- /3 + 2(\Z,Iil {a X +l3) - (A-n a A+)A-( a A +/3) 



e CT 



+(A-n CT A-)A +(a A +/3) ) 



+(A+n CT A-)A+( a A^) 



(7.5.33) 



= KlU al + ^rr{d a e\-)\ +a - ^{d a 6X + )X~ a , (7.5.34) 



+ 



e--nt + - et + n~- + id a e\ + d a e\- 



c = 



— n" (5 ct AqA^ — x^daXp) x a 
e~-nt + + + id a 9x + d a dx- 

+nf(d < ,\+\p - A+9 CT Ap] A" , (7.5.35) 
-^ (0) A- + |^(a (T A- + ^)A-) + 



- e--nt + - e+ + fi- _ + idJX+d a 6X- - 



-uf (d a x+x~ - x+d a x: 



A+ + 
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e --nt + + et + n-- + idj\ + dj\- + 

+Uf (drX+Xp - \+d ff \pj\\+ , (7.5.36) 



L (n) = _4det(e^) -2(e^e++ - e++e~) , 
= , 

where, and (cf. equations (7.3.15)) are given by 

n+ + : = d a x + cx + , n~~ -.= d a x-cx- , 

4°) := I(a CT A+CA- - \+Cd \~) . 
In this solution the parameters 

bosonic: b IJ = b JI , J°\ e±± , h±± , 
fermionic : n\ , 

are indefinite. They correspond to the first class constraints 

V IJ :=Vapu aI u pJ wO , 



G (o) 



:P Q n Q/ « , 
,a(A) 



(7.5.37) 
(7.5.38) 
(7.5.39) 

(7.5.40) 
(7.5.41) 



(7.5.42) 
(7.5.43) 



(7.5.44) 
(7.5.45) 



A+P+ W - A"P" (A) + 2e++P- + - 2e;-F^_ « , (7.5.46) 



-4+aA- + 4°)A-)P^ (A) - J T (a^A-)(A +a P a ) 
A* a A~ /3 + -^ T (x~ni a X + > 3 - {X'U a X + )X- a X +l3 



+ (A-n a A-)A +a A +/3 



a/3 



e --nt + + + id a ex + d a ex- 



2e++ 



P++ 



(7.5.47) 



+ 2VL^PZ_ - 2e± + M 
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+ 



+ 



+ (A+n a A-)A +a A- /3 ) 



V. 



a/3 



1 



e~Q+ + - + id a 9\ + d a e\- 



1e a 

-Uf (d a \+\p-\+d c \ 



,_ p o(A) x+ pa(A) 



+ 



and 



In equations (7.5.47), (7.5.48) the relation 



(7.5.48) 



(7.5.49) 



(7.5.50) 
(7.5.51) 



has been used to remove the auxiliary variables u T a in all places where it 
is possible. Note that (7.5.50) is a consequence of the constraint (7.5.13) 
and of the definition of the spinors, equations (7.3.12), (7.3.13) (see 
further discussion on the use of u variables below) . Thus we are allowed 
to use them in the solution of the equation for the Lagrange multipliers 
and, then, in the definition of the first class constraints, as the product 
of any two constraints is a first class one since its Poisson brackets with 
any other constraint vanishes weakly. 

Using the Poisson brackets (7.5.7), the first class constraints generate 
gauge symmetries. In our dynamical system the fermionic first class con- 
straints (7.5.45) are the generators of the (n — 2)~parametric K-symmetry 
(7.4.1)-(7.4.3). The V 13 in equation (7.5.44) are the \{n - l)(n - 2) 
generators of the 6-symmetry (7.4.5). The constraint (7.5.46) gener- 
ates the SO(l, 1) gauge symmetry (7.2.10). Finally, the constraints 3?±±, 
equations (7.5.47), (7.5.48), generate worldvolume reparameterizations. 
They provide a counterpart of the Virasoro constraints characteristic of 
the Green-Schwarz superstring action. Thus, as it could be expected, our 

/ n(n+l) I \ 

S 1 ' 2 i n > superstring is a two-dimensional conformal field theory. As it 
was noted above, the presence of the first class constraints (7.5.49) indi- 
cates the pure gauge nature of the fields e^ ± (^); the freedom of the gauge 
fixing is, nevertheless, restricted by the 'topological' conditions (7.5.21). 

Note that the K-symmetry and 6-symmetry generators, in (7.5.45) 
and (7.5.44), are the u 3 a and u^u^ components of equation (7.5.9) and 
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equation (7.5.8), respectively, while all other first class constraints can 
be defined without any reference to auxiliary variables. The use of the 
auxiliary spinors u„(£) to define the first class constraints requires some 
discussion. Any spinor can be decomposed in the basis (7.3.14), but the 
use of u l a to define constraints requires, to be rigorous, to consider them as 
(auxiliary) dynamical variables, to introduce momenta, and to take into 
account any additional constraints for them, including equations (7.3.13) 
and the vanishing of the momenta conjugate to u T a (cf. [208]). 

An alternative is to consider these auxiliary spinors as defined by 
(7.3.12), (7.3.13) and by the gauge symmetries of these constraints, i.e. 
to treat them as some implicit functions of (cf. [209]). Such a de- 
scription can be obtained rigorously by the successive gauge fixings of 
all the additional gauge symmetries that act only on u J a and by intro- 
ducing Dirac brackets accounting for all the second class constraints for 
the variables. Nevertheless, with some precautions, the above sim- 
pler alternative can be used from the beginning. In this case, one has to 
keep in mind, in particular, that the u^s do not commute with . 
Indeed, as conditions (7.3.12) have to be treated in a strong sense, one 
has to assume [P±^\a),Up(a')]p pa ±X^C a ^ y ul / 5(a — a'). However, one 
notices that this does not change the result of the analysis of the num- 
ber of first and second class constraints among equations (7.5.8)-(7.5.13), 
(7.5.17), (7.5.18), which do not involve u^(£). The reason is that one only 
uses «^(£) as multipliers needed to extract the first and second class con- 
straints from the mixed ones (7.5.8), (7.5.9). Thus, the Poisson brackets 
of the projected constraints V a gu aI u@ J , u aI V a with other constraints 
(e.g., [P a pu aI u l3J , . . .]p) and the projected Poisson brackets of the origi- 
nal constraints V a /3, with the same ones (e.g., u aI vr J \P a p > • • -]p) are 
equivalent in the sense that a non-zero difference ([V a pu al vP J , ■ ■ .]p — 
u aI u@ J [P a B , . . -]p) will be proportional to V a 8 or T> a and, hence, will 
vanish weakly. This observation allows us to use the basis (7.3.14) to 
solve the equations (7.5.22)-(7.5.28), that is to say, to decompose the 
constraints (7.5.8)-(7.5.13), (7.5.17), (7.5.18) into first and second class 
ones, without introducing momenta for the it^(£) and without studying 
the constraints restricting these variables. 

The remaining constraints are second class. In particular, these are 
the X^ components of the fermionic constraints (7.5.9), 

V ± = V a \ ±a = Tr a \ ±a + ie^e^Xj « (7.5.52) 

with Poisson brackets 

{V + (a),V+(a')}p^+2iei + S(a-a'), 
{D + (a),T> + (a')}p pa -2ie~~ 5(o - a') , 
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{V + (a),V + (a')} P « (7.5.53) 

(recall that, having in mind the possibility of fixing the conformal gauge 
(7.4.7), we assume nondegeneracy of e^ ± (a), i.e. that the expression 
l/e^ ± (a) is well defined). The selection of the basic second class con- 
straints and the simplification of their Poisson bracket algebra is a tech- 
nically involved problem. 

In the next section we show that the dynamical degrees of freedom 
of our superstring in S 1 - 2 < n > ; may be presented in a more economic 
way in terms of constrained OSp(2n\l) supertwistors. The Hamiltonian 
mechanics also simplifies in this symplectic supertwistor formulation. In 
particular, all the first class constraints can be extracted without using 
the auxiliary fields u^. The reason is that the supertwistor variables are 
invariant under both k- and 6-symmetry. Thus, moving to the twistor 
form of our action means rewriting it in terms of trivially n— and b- 
invariant quantities, effectively removing all variables that transform non- 
trivially under these gauge symmetries. Since the description of re- and 
6-symmetries is the one requiring the introduction of the fields, 
it is natural that these are not needed in the supertwistor Hamiltonian 
approach. 

This consideration already allows us to calculate the number of the 
(field theoretical worldsheet) degrees of freedom of our superstring model 
[8]. The dynamical system described by the action (7.2.1) possesses 
\{n — l)(n — 2) + 5 bosonic first class constraints (equations (7.5.44), 
(7.5.46), (7.5.47), (7.5.48) and (7.5.49)) out of a total number of \n(n + 
1) + 2n + 8 constraints (equations (7.5.8), (7.5.10), (7.5.11), (7.5.12), 
(7.5.13), (7.5.17) and (7.5.18)). This leaves 4n + 2 bosonic second class 
constraints. Since the phase space dimension corresponding to the world- 
volume bosonic fields Z M (r,a) = pf Q ^,A±, e^.e**) is 2(^tli + 2n + 
4), the action (7.2.1) turns out to have {An— 6) bosonic degrees of freedom. 

Likewise, the (n— 2) fermionic first class constraints (7.5.45) and the 2 
fermionic second class constraints, equations (7.5.52), reduce the original 
2n phase space fermionic degrees of freedom of the action (7.2.1) down 
to 2. 

Thus our supersymmetric string model in S 1 - 2 \ n > superspace car- 
ries (4n — 6) bosonic and 2 fermionic worldvolume field theoretical de- 
grees of freedom. Treating the number n as the number of components of 
an irreducible spinor representation of the Z)-dimensional Lorentz group 
SO(l,D-l), one finds [8] 
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n 


it 

Trbosonic d.o.f. 


It 

Tr fermionic d.o.f. 


orb 






= An - 6 
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2 


NO 


4 


4 


10 


2 


1/2 


6 


8 


26 


2 


6/8 


10 


16 


58 


2 


14/16 


11 


32 


122 


2 


30/32 



Table 7.1. Bosonic and fermionic degrees of freedom 
of the model in various dimensions 



Thus, the number of bosonic degrees of freedom of our 2 \ n > su- 
perstring model exceeds that of the Green-Schwarz superstring (where it 
exists, 4n — 6 > 2(D — 2)), while the number of fermionic dimensions, 2, is 
smaller than that of the Green-Schwarz superstring for D = 6, 10. Note 
that here the # (bosons) = #(fermions) rule is not valid. The additional 
bosonic degrees of freedom might be treated as higher spin degrees of free- 
dom and/or as corresponding to the additional 'brane' central charges in 
the maximal supersymmetry algebra (2.1.10). The smaller number of 
physical fermionic degrees of freedom just reflects the presence of extra 
K-symmetries ((n— 2) > n/2 for n > 4) in our £( 528 l 32 ) superstring model. 

/ n(n+l) I \ 

Our T, ( 2 i n > superstring model describes, as argued, the excitations of 
a BPS state preserving k = (n — 2) supersymmetries (a || BPS state for 
the D = 11 superstring in £( 528 l 32 )). 

The search for solitonic solutions of the usual D = 11 and D = 10 
Type II super gravities preserving exotic fractions of supersymmetry is a 
subject of recent interest. If successful, it would be interesting to study 
how the additional bosonic degrees of freedom of our model are mapped 
into the moduli of these solutions, presumably related to the gauge fields 
of the supergravity multiplet (c/. [85]). Nevertheless, if it were shown 
that such solutions do not appear in the standard D = 11 supergravity, 
this could indicate that M Theory does require an extension of the usual 
superspace for its adequate description. 

To conclude this section we comment on the BPS preon interpretation 
of our model. In agreement with [83], it can be argued to describe a 
composite ofn = n — k = 2 BPS preons. To support this conclusion one 
can have a look at the constraint (7.5.8). As we have shown, it is a mixture 
of first and second class constraints. However, performing a 'conversion' 
of the second class constraints [210] to obtain first class constraints (in a 
way similar to the one carried out for a point-like model in [155]), one 
arrives at the first class constraint 



Va/3 — P a/ 3 + e+ + A a Ag - e a A^A^ « , 



(7.5.54) 
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where the A^ are related to A^. In the quantum theory this first class 
constraint can be imposed on quantum states giving rise to a relation 
similar to equation (4.1.8) with h = n — k = 2. 

7.6 Supertwistor form of the action 

/ n(n+l) I \ 

Further analysis of the Hamiltonian mechanics of our £^ 2 i n > super- 
string model would become quite involved. Instead, we present in this 
section a more economic description of the system. 

The action (7.2.1) can be rewritten (a' = 1) in the form [8] 

S= [ [e++ A(dn~ a \- - fi- a d\- -idrfrf) 
Jw 2 

-e~ A (d// +Q A+ - fi +a d\t - idn + n + ) 
-e ++ Ae ] , 

where the bosonic /U ±Q and the fermionic n^ are defined by 

Equations (7.6.2) are reminiscent of the Ferber generalization [211] of the 
Penrose correspondence relation [212] (see also [83, 148]). The two sets of 
In + 1 variables belonging to the same real one-dimensional (Majorana- 
Weyl spinor) representation of the worldsheet Lorentz group 50(1, 1), 

(/;+<*, A+ 77+):= Y+ s , ( M -«,A-^-):=y- E , (7.6.3) 

can be treated as the components of two OSp(2n\l) supertwistors, Y+ s 
and However, equations (7.6.2) considered together imply the fol- 

lowing constraint: 

A+^~ a - \-fi +a - in~n + = . (7.6.4) 

One has to consider as well the 'kinematic' constraint (7.2.3), which 
breaks GL(n,M) down to Sp(n, R). In terms of the two supertwistors 
l" ±s the action (7.2.1) describing our tensionful string model and the 
constraints (7.2.3), (7.6.4) can be written as follows 8 [8] 

S = [ [e++ A dY^ n En F- n 
Jw 2 

-e~ A dY +s n sn Y +u - e++ A e~~ ] ; (7.6.5) 

8 See [213] for a recent construction of massive particle actions in terms of only one 
supertwistor. 



(7.6.1) 
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F +s C sn ^ _n = 1 , (7.6.6) 
Y +s QznY- n = , (7.6.7) 

where the nondegenerate matrix fisn = — (— l) de g( ±s ) de g( ±n )f2 ns is the 
orthosymplectic metric, 

/ 8 J 0\ 

^sn = ~5p a , (7.6.8) 

\ -ij 

preserved by 05p(2n|l). The degenerate matrix Csn in equation (7.6.6) 
has the form 

/0 0\ 

Csn = C"' 3 (7.6.9) 

\o o o/ 

with C a/3 defined in (7.2.5). 

One can also find the orthosymplectic twistor form for the action 
(7.6.1) with unconstrained spinors. It reads [8] 

S = [ [e++ A (dM- a A~ - M~ a dA~ - id x ~x~) 
Jw 2 

-e~ A (dM +a A+ ~ M +a dA+ - id X + x + ) 

++ Ae~ (C Q ^A+AI) 2 ] , (7.6.10) 



-e 



where 



^ia = X «/3 A ± _ l0«g0A± ? x ± = 0%± . (7.6.11) 

Equation (7.6.11) differs from (7.6.2) only by replacement of the con- 
strained dimensionless A ± by the unconstrained dimensionful A ± . But, 
as a result, the OSp(2n\l) supertwistors 

T ±E :=(,M ±a ,A± x*), (7.6.12) 

are restricted by only one condition similar to (7.6.7), 

T +s f] En T~ n = . (7.6.13) 

The action in terms of T ±E includes the degenerate matrix Csn, and 
reads [8] 

S = [ [e++ A dr~ s S nT~ n - e" A cZT +E ft En T +n 
Jw 2 

- e ++ A e~ (T +s CerT"") 2 ] . (7.6.14) 
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The orthosymplectic supertwistors T are both in the fundamental 
representation of the OSp(2n\l) supergroup. The constraints (7.6.7) (or 
(7.6.13)) are also OSp(2n\l) invariant. However, condition (7.6.6) (or the 
last term in the action (7.6.14)) breaks the OSp(2n\l) invariance down to 

i n(n+ 1) I \ 

the semidirect product £' 2 \ n > x S*p(n,R), generalizing superPoincare, 

of Sp(n,R) C <Sp(2n,IR) and the maximal superspace group E 1 - 2 \ n > 
(see appendix C). In contrast, both the point-like model in [148] and the 
tensionless superbrane model of [149] possess full OSp(2n\l) symmetry. 
This is in agreement with treating OSp{2n\l) as a generalized supercon- 
formal group, as the standard conformal and superconformal symmetry 
is broken in any model with mass, tension or another dimensionful pa- 
rameter. 



7.7 Hamiltonian analysis in the supertwistor formulation 

The Hamiltonian analysis simplifies in the supertwistor formulation (7.6.5) 
of the action (7.2.1) [8]. This is due to the fact that moving from (7.2.1) 
to (7.6.5) reduces the number of fields involved in the model. 
The Lagrangian of the action (7.6.5) reads 

C = (et + d a Y' S - et + d T Y^)n sn Y' n 

-( e ;-<9 CT y +E - e -d r y +E )f} En y +n 

-(et + e-- - et + e~) , (7.7.1) 

and involves the 2(2n + 1 + 2) = 4n + 6 configuration space worldvolume 
fields 

ZM = z*{t, a) = (y ±E , e ±± , e ±±) . (7.7.2) 
The calculation of their canonical momenta 

PA-^^.F^)-^ (".3) 

provides the following set of primary constraints: 

P ±E =P ±E +e^ En y ±n «0, (7.7.4) 
P° ±± « , (7.7.5) 
P£± » . (7.7.6) 

Conditions (7.6.7), (7.6.6) should also be taken into account after all the 
Poisson brackets are calculated and, hence, are also primary constraints, 

U := r +S n sn Y' n w , (7.7.7) 
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N := Y +E C S nY~ n - 1 ~ . (7.7.8) 

The canonical Hamiltonian density Ho corresponding to the action 
(7.6.5), reads 

Ho = [-e+ + d CT r~ E ft En Y~ n + e--d a Y +S n sn Y +T1 

+ (e + T + e-- - et + e--)\ . (7.7.9) 

The preservation of the primary constraints under r-evolution (see sec- 
tion 7.5) leads to the secondary constraints 

$++ = d CT Y" E ft Bn Y" n - e~ « , (7.7.10) 
= d a Y +S n sn Y +n - e++ « , (7.7.11) 
$(°) = d CT Y +E f} En Y~ n - Y +E ft sn d CT Y~ n « . (7.7.12) 



Again (see section 7.5) the canonical Hamiltonian vanishes on the sur- 
face of constraints (7.7.10), (7.7.11), and thus the T-evolution is defined 
by the Hamiltonian density (cf. (7.5.20)) 

H' = -e++$++ + e~ + + L ±S P ±S + 

+L<®U + L^M + L ±:t P£ ± + /i^-P^ (7.7.13) 

and the canonical Poisson brackets 

[P ± » , Y ±5 >')}p = - a% (7.7.14) 

[e^to.-^OL. (7-7-15) 
[^= t (a),i? ± (a / )] J) =*(a- < /) > (7.7.16) 



Then the r-preservation requirement of the primary and secondary 
constraints results in the following system of equations for the Lagrange 
multipliers 

L +E « ^9 CT Y +E + d ^-- L- Y+ , + l^L daY - 

+ ,-- Y - ±=Y n (Cf]) n E , (7.7.17) 

t e ++ E (9 e ++ - L ++ E +^ 
L" E « ^Y" E + ^ / Y - i^^Y +E 



26^j~ 26^- 
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L +S n sn Y- n ^L- S n sn Y +n , (7.7.19) 
L +S C sn Y' n « L' S C sn Y +n , (7.7.20) 
L' S n sn Y' n « e"- , (7.7.21) 



sn 

L +E En y +n «e++, (7.7.22) 



and 




L « d(jL S n sn Y n - L E ^ sn 5 a y n , (7.7.23) 

l++ « a CT L +E o En y +n - L +E ft En <9 CT y +n , (7.7.24) 
2 (d a L ±s n^Y^ - L ±s n^d a Y^) « . (7.7.25) 

s as sn 

where (Cfi) n := C nA and 17 = — S\ n is the inverse of the or- 

thosymplectic metric (7.6.8), 



Q SA Q An = Si , = [ 6a" | . (7.7.26) 



Equations (7.7.17)— (7.7.22) come from the preservation of the pri- 
mary constraints, while equations (7.7.23)-(7.7.25) from the preservation 
of the secondary constraints. Again, as in section 7.5, one can follow 
the appearance of the secondary constraint (7.7.12) by considering equa- 
tions (7.7.17)-(7.7.22) with Z(°) = 0. Denoting 

4 0) = \ (a CT y +E C En y- n - Y +E C EI AY- n ) , (7.7.27) 

^++ = 5 CT y +E C En y +n , (7.7.28) 
A-- = d a Y- S C sn Y- n , (7.7.29) 

B<W =S- d ° Y y^, (7.7.30) 

1 //t++ 4 — \ 

^+ , (7-7.31) 



one can write the general solution of equations (7.7.17)-(7.7.22) in the 
form 



l +e » W (°)y +E + 

e 



^y +E _ 4°)y +E _ e ++i?(o)y- E + e ++(y-Cf}) E ) 
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+e++ (B^Y~ S - (y-Cnf) , (7.7.32) 



+^ (V" E +4 0) ^ E +e--B^Y +S -e-~(Y+Cnf) 
-e~ (sWy +E - (y+C^) E ) , (7.7.33) 

L<°> = 2(e--et+ - e ++e~) B (0) , (7.7.34) 

L±± = ^gii T 2e± ± 4°) ± 2e± ± w(°) , (7.7.35) 

L (n) = _4det(C) = -2(e;-e++ - e+ + e~) , (7.7.36) 

/ (0) = . (7.7.37) 

Note that equations (7.7.36), (7.7.37) have the same form as (7.5.38), 
(7.5.39) for the Lagrange multipliers in the original formulation, and equa- 
tions (7.7.35) are similar to equations (7.5.37). 

The above solution contains the indefinite worldsheet field parameters 
/i ±± (^), o/°)(£) and e^ ± (^) corresponding to the five first class constraints 
which generate the gauge symmetries of the symplectic twistor formula- 
tion of our T, { 2 i n > superstring model. They are 



Pl± « (7.7.38) 



and 



G (o) . = y +E p +s _ Y~ E p_ E + 2e++P^ + - 2e~~ PZ_ « , (7.7.39) 
<!++ := $++ + 8 a P° + + 2A^P° + + 2e~B^U 

-2e--M + F+lv±x, (7.7.40) 
!>__ := - d a PZ_ + 2A^°)pf_ + 2et + B {Q) U 

-2et + N + J^lv±x , (7.7.41) 

where 

.f+ e = -s(°)y~ E + (y-c^) E , (7.7.42) 
= -4t^" e + 4 0) r~ E + £ (0) ^ +E - e CT -(r+^) E ] , 

(7.7.43) 

= ^[d CT Y +E - 4°)y +E - £?(°) e ++Y~ E +e+ + (y-CO) E ], (7.7.44) 
e CT 

Jl! = -B^Y +S + (y+C17) E . (7.7.45) 
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Using Poisson brackets, the constraint (7.7.39) generates the 5*0(1, 1) 
worldsheet Lorentz gauge symmetry, (7.7.40) and (7.7.41) are the repa- 
rameterization (Virasoro) generators, and the symmetry generated by 
equations (7.7.38) indicates the pure gauge nature of the e^ ± (^) fields 
(again, subject to the nondegeneracy condition (7.5.21) that restricts the 
gauge choice freedom for them). 

Note that both the 6-symmetry and the ft-symmetry generators, 
equations (7.5.44) and (7.5.45), are not present in the symplectic su- 
pertwistor formulation. Actually, the number of variables in this for- 
mulation minus the constraint among them, equation (7.6.7), is (An + 
6) — 1 and equal to the number of variables in the previous formulation 
( w (" 2 +1 ) -|- n -\- 2n + 4) , minus the number of b- and K-symmetry generators 
^ (n-i)(n-2) _|_ ^ n _ 2))_ This indicates that the transition to the super- 
twistor form of the action corresponds to an implicit gauge fixing of these 
symmetries and the removal of the additional variables, since the remain- 
ing supertwistor ones are invariant under both b- and K-symmetry 9 . 

Other constraints are second class. Indeed, e.g. the algebra of the 
constraints P±s, equation (7.7.4), 

[V +S (a) , V +A (a')} p = 2e--n A J(a - a') , (7.7.46) 
, V_ A (a')} p = -2et + n A J(a - a') , (7.7.47) 
[V +s (a),V_ A (a')} p =0, (7.7.48) 

shows their second class nature. As such, one can introduce the graded 
Dirac (or starred [207]) brackets that allows one to put them strongly 
equal to zero. For any arbitrary two (bosonic or fermionic) functionals / 
and g of the canonical variables (7.7.2), (7.7.3) they are defined by 

[f(o-i),g(or 2 )} D = [f(o- 1 ),g(a 2 )} P 

~\ J da (-^[f(a 1 ),V + M}X S ['P + M,g(a 2 )} p 

1 [f(a 1 ),V_ s (a)} p n nS [V_ n (a),g(a 2 )} P ) . (7.7.49) 



et + (a) 

Using these and reducing further the number of phase space degrees of 
freedom by setting P ±E = strongly, the supertwistor becomes a self- 
conjugate variable, 

[Y ±5 >), Y ±n (a')} D = ^ n 5{a - a') . (7.7.50) 



9 This invariance was known for the massless superparticle and the tensionless su- 
perstring cases, see e.g. [148, 149, 155, 214]. 
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For the 'components' of the supertwistor, equation (7.7.50) implies 

[A±(a), /x± V)L = =F " O , (7-7.51) 

{ir t (a),7 7 ± (o / )} D . (7.7.52) 

The Dirac brackets for e^, e^ ± and P±± coincide with the Poisson 
brackets, while for P±± one finds 



1 

However, £±±(0") still commute among themselves, 



[P^ + (a),...] D = [PZ + (*),...] P - (a)[V_ s (a),...} p ,(7.7.53) 
[PZ_(a),...] D = [PZ_(a),...] p - _^F^(a)[P +E (a),...} p .(7.7.54) 



[Pl ± {°),P±±{°')\ D = = [PU(°),P--(°')] D ■ (7-7.55) 

When the constraints (7.7.4) are taken as strong equations, the first 
class constraints (7.7.39)-(7.7.41) simplify to 

G {0) := 2e++P£ + - 2e~ PZ_ « , (7.7.56) 
$++ := $++ + 8 a P° + + 2^°)P^ + + 2e~B^U - 1e~'M « 0, (7.7.57) 
:= $ - a CT P^_ + 2^ 0) P^_ + 2e++P ( % - 2e+ + M « 0, (7.7.58) 

and the remaining second class constraints can be taken in the form 

K (o) ._ e ++p* + + e ~P^_ « , (7.7.59) 
M = y+ E CznY- u - 1 « , (7.7.60) 
W = y+ s QxnY- 11 « , (7.7.61) 

$(°) = a CT y +E o En y _n - y +E ft En d CT y~ n « o . (7.7.62) 

One has to take into account that, under the Dirac brackets, P±± and 
F tS do not commute, 

[P° + (a),Y-*(a')] D = -L-Y-* {<t)8{<t - J) , (7.7.63) 

[PZ_(a),Y^(a')} D = -^Y + \a)5(a - a') . (7.7.64) 

Then one checks that, under Dirac brackets, generates the SO(l, 1) 
transformations of the supertwistors, 

[G^(a),Y^(a')] D = T F ±E {a)5{a - a') . (7.7.65) 
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On the other hand, one finds that the second class constraint IA inter- 
changes the y +s and Y~ s supertwistors, 

[U(a),Y^(a')] D = -±^ Y ^(a)S(a-a'), 

[w(a),y-V)] D = ^r+ y+5 >)<^ " ■ ( 7 - 7 - 66 ) 

It is interesting to note that in the original supertwistor formulation of 
the D = 4, N = 1 superparticle [211] there exists a counterpart of the 
IA constraint; however, there it is the first class constraint generating the 
internal £7(1) symmetry 10 . 

The Dirac brackets of the above second class constraints (7.7.59)- 
(7.7.62) are: 

[^Xo-)M{o-')] D = 

1 fd a Y+ s (a)n sn Y+ n (a) d^ia^uY'^a^ 

"I ) d(a — a ) 



2 V e+ + (a) e~-(a) 



2\e+ + (a) e-~(a) 
-5{a - a') , (7.7.67) 



1 fd a Y+^(a)Cj:uY +u (a) d a Y-Z(a)CxnY~ u (a) \ , 

"I o(o- — a ) 



2 V et + {a) e--(a) 

2 V (o") e CT (cr) / 

^ (0) W,W((7')] D = y +s (a)0 S nY- n (^) <5(a - a') 

= U 6(a - a') » , (7.7.69) 

[K ( V), A/V)L = Y +S (^)CEnY- n (a) <5(<r - a') 

= (AA + 1) <5(a - a') « «5(<7 - a') , (7.7.70) 

[tf<°V),* (0 V)]i> = 
= | (^Y+V^sriY-V) - Y +s (a)O sn 9 (T Y- n (a)) % - a') 

= <5(a - a') » , (7.7.71) 



10 See [215] for a detailed study of the Hamiltonian mechanics in the twistor-like 
formulation of the D = 4 superparticle, where the possibility of constraint class trans- 
mutation was noted. 
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where, in (7.7.68), S(a) = \ (4ttt + ^-, ( °? ) (equation (7.7.31)) and 
5 aa i = 8{a - cr'). 

These Dirac brackets (7.7.67)-(7.7.71) can be summarized schemati- 
cally in the following table 





($(°V)+ 


U(a>) 


KW(cr') 


AT(cr') 


($W +SKW){a) 





Sera' 








U(a) 


































-<w 






Table 7.2. Schematic Dirac brackets of the second class constraints 
in the supertwistor formalism 



This table indicates that the constraint is canonically conjugate to 
M while the second class constraint + SK^ is conjugate to Li. One 
may pass to the (doubly starred) Dirac brackets with respect to the above 
mentioned four second class constraints. However, the new Dirac brackets 
for the supertwistor variables would have a very complicated form, so 
that it looks more practical either to apply the formalism using (singly 
starred) Dirac brackets (equation (7.7.49)) and simple first and second 
class constraints, equations (7.7.56)-(7.7.58) and (7.7.59)-(7.7.62), or to 
search for a conversion [210] of the remaining second class constraints into 
first class ones. Note that a phenomenon similar to conversion occurs 
when one moves from (7.6.5) to the dynamical system with unnormalized 
twistors described by the action (7.6.14). We discuss on this in more 
detail in the next section. 

As the simplest application of the above Hamiltonian analysis let us 
calculate the number of field theoretical degrees of freedom of the dy- 
namical system (7.6.5). In this supertwistor formulation one finds from 
equations (7.7.2) and (7.6.3) (4n + 4) bosonic and 2 fermionic configu- 
ration space variables, which corresponds to a phase space with 2(4n + 
4) and 4 fermionic 'dimensions'. The system has 5 bosonic first class 
constraints, equations (7.7. 38)-(7. 7.41), out of a total number of An + 
9 bosonic constraints (the bosonic components of (7.7.4) and (7.7.5), 
(7.7.6), (7.7.10)-(7.7.12)). Thus, in agreement with section 7.5, one finds 

/ n(n+l) I \ 

that the T, { 2 \ n > supersymmetric string described by the action (7.6.5) 
possesses 4n — 6 bosonic degrees of freedom. Likewise, the 2 fermionic 
constraints of the action (the fermionic components of (7.7.4)) reduce to 
2 the fermionic degrees of freedom [8]. 



7.8 Hamiltonian analysis with 'unnormalized' supertwistors 
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7.8 Hamiltonian analysis with 'unnormalized' supertwistors 

As shown in Section 7.6, the action (7.6.5) may be considered as a gauge 
fixed form of the action (7.6.14) written in terms of supertwistors (7.6.12) 
restricted by only one Lagrangian constraint (7.6.13). The second con- 
straint (7.6.6), the 'normalization' condition that distinguishes among the 
y ±s and T ±E supertwistors, may be obtained by gauge fixing the direct 
product of the two scaling gauge symmetries (7.2.8) and (7.2.9) down to 
the SO(l, 1) worldsheet Lorentz symmetry (7.2.10) of the action (7.6.5). 
As a result, one may expect that the Hamiltonian structure of the model 
(7.6.14) will differ from the one of the model (7.6.5) by the absence of one 
second class constraint (7.7.60) and the presence of one additional first 
class constraint replacing (7.7.59). 

This is indeed the case [8]. An analysis similar to the one carried out 
in Section 7.7 allows one to find the following set of primary 



P ±E =P ±s Te^ En T «0, (7.8.1) 

P£ ± » , (7.8.2) 

Pl± » , (7.8.3) 

U := T +s ftsnT- n = T+ fiT - » , (7.8.4) 

and secondary constraints 

$++ = d a rsi?- - e --(r + cr-) 2 « o , (7.8.5) 

= d a r+nr + - e + + (r + cr-) 2 « , (7.8.6) 

$(°) = d a r + nr- - r + nd a r~ « , (7.8.7) 

that restrict the phase space variables 

Z M ee Z M {r, a) = (T ±E , e±± , e ±±) , (7.8.8) 

p- = (p PT , PI ) = . (7.8.9) 

The set (7.8.1)— (7.8.7) contains 6 first class constraints (versus five 
first class constraints (7. 7. 38)^(7.7.41) in the system (7.6.5)), namely 

^±*0, (7.8.10) 

2e++P^ + - T~ S P_ S « , (7.8.11) 

2e~-PZ_ - T +S P +S « , (7.8.12) 
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2p — 

1 r p — B(°) 

— 9 CT T- S P_ S + " „ . 2 T+ S P_ S - e;-(T + CT-)T+C^_ 

« , (7.8.13) 



2p++r(o) h(o) 
+ (T+CT-)^ " (T+CT-)2 T+S7? - S + 3 ° P ~- + ( T+ CT-)T+CW- 



++w(0) 

9 CT T+ S P +E - (T + CT - )2 T ~ S ^+s + e++(T+CT-)(T-C^+) 



« , (7.8.14) 
where (c/. (7.7.30)) 
B<°> = 

1 ^ a T+CT+ (T+CT-) d a T~ CT (T+CT") ^T+fi^T" 



(7.8.15) 

Using Dirac brackets to account for the second class constraints (7.8.1), 
where (c/. (7.7.50)) 

[T ±5 >), T ±r V)L = T^p *(<r - a') , (7.8.16) 

the first class constraints simplify to 

(7.8.17) 
(7.8.18) 
(7.8.19) 

2e~jB(°) 

'"" ' M»0, (7.8.20) 





«o, 






«o, 




pa 


« , 




!>++ 


= $++ 


+ 




= 


+ 



(T+CT-) 2 

9p++£(0) 

which corresponds to the set of constraints (7.7.56)-(7.7.58) of the de- 
scription in terms of 'normalized' supertwistors with the addition of the 
constraint (7.7.59), which is now 'converted' into a first class one due to 
the disappearance of the normalization constraint (7.7.60). 
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The remaining two bosonic constraints, equations (7.8.4) and (7.8.7), 
are second class. Their Dirac bracket 

[U{a) , <J>(°V)]d=(T+CT-) 2 ^ - a') + (J±^ + *^ S (a - a') 

^(T + CT-) 2 5(a-a') (7.8.22) 

is nonvanishing due to the linear independence of the T and T super- 
twistors (7.6.12) (coming from the linear independence of their A+ and A~ 
components, A+C a ^A~ / 0). For a further simplification of the Hamil- 
tonian formalism it might be convenient to make a conversion of this pair 
of second class constraints into first class by adding a pair of canonically 
conjugate variables, q(£) and P ((,) (0> (il^) , P {q) (cr')} P = 5 (a - a')) to 
our phase space. 

The above Hamiltonian formalism and its further development can 

/ n(n + l) I \ 

be applied to quantize the 2 \ n > superstring model. This should 
produce a quantum higher spin generalization of the Green-Schwarz su- 
perstring for n = 4, 8, 16 and, for n = 32, an exactly solvable quantum 
description of a conformal field theory carrying, somehow, information 
about the non-perturbative brane BPS states of M Theory. 

7.9 Supersymmetric p-branes in tensorial superspace 

The model may be generalized to describe higher-dimensional extended 
objects (supersymmetric p-branes) in £' 2 \ n > . The expression of the 
supersymmetric p-brane action in terms of dimensionful unconstrained 
bosonic spinors reads (cf. (7.2.7)) [8] 

s P = f ^An^(AXA^) 

-{-a'f I e A ( p+1 ) det{C aP K r a K s ) , (7.9.1) 
JWP+ 1 

where a = 0, 1, . . . ,p , r = 1, . . . , n(p) , a = 1, . . . ,n , 

eT^^a bl ... bp e hl /\.../\e b ^ (7.9.2) 
(see equation (2.2.14)) and e A ( p+1 ) is the W p+1 volume element 

eA(P+1) = J^W^... bp+1 e b ^ A ... A e W . (7.9.3) 

In equation (7.9.1), the (p + 1) e a = d^e^^) are auxiliary worldvol- 
ume vielbein fields, ^ m = (r, cr 1 , . . . , a p ) are the worldvolume W p+1 local 
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coordinates and A^(£) is a set of n = h(p) unconstrained auxiliary real 
bosonic fields with a 'spacetime' spinorial (actually, a S'p(n)— vector) in- 
dex a = 1, n. The number n(p) of real spinor fields A£,(£) as well as the 
meaning of the symmetric real matrices p" s depend on the worldvolume 
dimension d = p + 1. For d = 2,3,4 (mod 8), where a Majorana spinor 
representation exists, the p% s are Spin(l,p) Dirac matrices multiplied by 
the charge conjugation matrix or sigma matrices, provided they are sym- 
metric. If not, it is always possible to find a real symmetric matrix by 
doubling the index r, r' = ri (i = 1, 2), as in the case of d = 6 symplectic 
Majorana spinors. For dimensions with only Dirac spinors (like d = 5) 
A r a Pr S Ai should be understood as k a p a kp + App a A a , etc. 

For simplicity we present equation (7.9.1) and other formulae of this 
section for 'Majorana dimensions' d with symmetric Cp-matrices; the 
generalization to the other cases is straightforward, although one should 
be careful determining the value of n{p) for a given d = p + 1. For 
p = 1, where the irreducible Majorana- Weyl spinor is one-dimensional 
(Spin(l, 1) is abelian), one needs A r a to be in a reducible Majorana repre- 
sentation in the worldsheet spinor index r, i.e. A^ = (A+, A~); otherwise 
the second term in (7.9.1) would be zero and the action would become 

that of a tensionless S 1 - 2 i n > super symmetric string. Then, the action 
(7.9.1) reduces to (7.2.7) using (7.2.4). 

The fermionic variation Sf of the action (7.9.1), 5fS p , comes only from 
the variation of U a/3 . Let us simplify it by taking 5fX a/3 = i5f6^ a 9^ (cf. 
below equation (7.3.1)), so that i 5f WP = and 5 f U af3 = -2id6 (a 56P\ As 
II Q/3 enters the action (7.9.1) only through its contraction with A^p^A^ 
we find 

5 f S p = -2i J WP+1 eT A d9 a K r a p a rs A^ . (7.9.4) 

Thus only n(p) fermionic variations 56@ A^ out of the n variations are 
effectively involved in SfS p . 

This reflects the presence of (n— h(p)) K-symmetries in the dynamical 
system described by the super symmetric p-brane action (7.9.1). They are 
defined by 

5 K X^ = i5 K e^6^ , 8 K e a = 0, (7.9.5) 

and by the following condition on S K 6 a , 

5J a A r a = 0, r = l,...,n(p) . (7.9.6) 

This can be solved, using the auxiliary spinor fields u aJ [where now J = 
1, . . . , (n — n(p))] orthogonal to A^, as 
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J=l,...,(n-n(p)), r = l,...,n(p). (7.9.7) 

The K-symmetry (7.9.5), (7.9.7) implies the preservation of all but n(p) 
supersymmetries by the corresponding v = n ~ r ^ BPS state. 

For instance, for p = 2, n = 32, it is h = 2. The action (7.9.1) 
then describes excitations of a membrane BPS state preserving all but 2 
supersymmetries, a || BPS state. For p = 5 and n = 8 the action (7.9.1) 
with n = 32 describes a §| supersymmetric 5-brane model in £( 528 l 32 ) . 
Both the supermembrane (M2-brane) and the super-5-brane (M5-brane) 
are known in the standard D = 11 superspace, where they correspond to 
g| BPS states. The speculation could be made that the 'usual' M2 and 
M5 superbranes are related to the generalized £( 528 l 32 ) supersymmetric 
2-brane and 5-brane described by the action (7.9.4) for p = 2 and 5. 
For instance, they might be related with some particular solutions to 
the equations of motion of the corresponding || and || £( 528 l 32 ) models 
preserving 16 supersymmetries and/or with the result of a dimensional 
reduction of them. For the p = 5 case a question of a special interest would 
be the role of the M5 selfdual worldvolume gauge field in the J] 1 - 528 ' 32 ) 
superspace description (see [85] for a related discussion). For p = 3 and 
n = 4 we have a || BPS state, a BPS 3-brane. Neither the Green- 
Schwarz superstring nor the super-3-brane exist in the standard D = 11 
superspace, but a super-D3-brane does exist in the D = 10 Type IIB 
superspace, as the superstring does. The possible relation of these preonic 
branes with the usual Type II branes would require further study. 
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Conclusions and outlook 



A number of topics about eleven-dimensional supergravity, the low en- 
ergy limit of the hypothetical M Theory, have been covered in this Thesis. 
The role of (generalized) holonomy in the description of supersymmetric 
solutions of supergravity has been discussed and applied, in particular, to 
the search of possible preonic solutions. The notion of BPS preons leads 
naturally to that of enlarged superspaces and supersymmetry algebras, 
the role of which in supergravity has also been explored. In particular, 
enlarged superspaces have been shown to allow for the construction of 
supersymmetric objects with a manifest content of BPS preons, and en- 
larged superalgebras have appeared in the discussion of the underlying 
symmetry of D = 11 supergravity. 

After an introductory chapter 1, the conventions and notation used 
throughout the Thesis (with the exception of chapter 3), were set in 
chapter 2. The later contains a general discussion of topics about eleven- 
dimensional supergravity relevant for the remainder of the Thesis. The 
M Theory superalgebra is introduced, and the Lagrangian, equations of 
motion and symmetries of D = 11 supergravity discussed. Especial atten- 
tion has been payed to supersymmetry, in relation to which the notions 
of generalized connection, curvature and holonomy have been reviewed. 
The interplay between the generalized curvature and the equations of mo- 
tion has also been discussed. In particular, we have shown [1] that all 
the bosonic equations of D=ll supergravity can be collected in a single 
equation, (2.6.2), written in terms of the generalized curvature (2.3.9) 
which takes values in the algebra of the generalized holonomy group. 
The concise form (2.6.2) of all the bosonic equations is obtained by fac- 
toring out the fermionic one-form ip@ in the selfconsistency (or integra- 
bility) conditions X^io p = [Eqs. (2.6.1)], for the gravitino equations 
^lOa = 0, Eqs. (2.4.11). In this sense, one can say that in (the second 
order formalism of) D = 11 CJS supergravity all the equations of motion 
and Bianchi identities are encoded in the fermionic gravitino equation 



159 



160 



8 Conclusions and outlook 



#10/3 := Vip a A r^j = (equation (2.4.11)). Actually this should be 
expected for a supergravity theory including only one fermionic field, the 
gravitino, and whose supersymmetry algebra closes on shell. As we have 
discussed, the basis for such an expectation is provided by the second 
Noether theorem. 

Generalized holonomy has been further explored in chapter 3, where 
especial emphasis has been made in the role of supercovariant derivatives 
of the curvature to characterize the holonomy algebra. After a general 
review of how higher order integrability conditions might be necessary 
to properly determine the Killing spinors characterizing purely bosonic 
super symmetric solutions of supergravity, the generalized holonomy of 
some well known solutions has been revised. Supercovariant derivatives 
of the generalized curvatures corresponding to the M2 and M5 brane 
solutions of supergravity only turn out to help to close the generalized 
holonomy algebra obtained at first order. The situation is different for 
other solutions, such as Freund-Rubin compactifications. An example has 
been provided by the compactification on the squashed S 7 . Left squashing 
preserves N = 1 supersymmetry, while its right counterpart breaks all 
super symmetries. This situation cannot be described if the generalized 
holonomy is G2, as obtained in first order. Second order integrability, 
namely, the supercovariant derivative of the generalized curvature yields 
a holonomy algebra of so(7) [2], which gives the correct decompositions 
of the Killing spinor for both left and right compactifications. 

In chapter 4, the role of the BPS preon notion in the analysis of 
supersymmetric solutions of D = 11 supergravity is studied. This notion 
suggests the moving G-frame method [3], which is proposed as a useful 
tool in the search for supersymmetric solutions of D = 11 and D = 10 
supergravity. We used this method here to make a step towards answering 
whether the standard CJS supergravity possesses a solution preserving 31 
super symmetries, a solution that would correspond to a BPS preon state. 
Although this question has not been settled for the CJS supergravity case, 
we have shown in our framework that preonic, v = 31/32 solutions do 
exist [3] in a Chern-Simons type D = 11 supergravity. 

Although the main search for preonic solutions concerns the 'free' 
bosonic CJS supergravity equations, one should not exclude other pos- 
sibilities, both inside and outside the CJS standard supergravity frame- 
work. When, e.g., super-p-brane sources are included, the Einstein equa- 
tion, and possibly the gauge field equations and even the Bianchi identi- 
ties, acquire r.h.s.'s and the situation would have to be reconsidered. An- 
other source of modification of the CJS supergravity equations might be 
due to 'radiative' corrections of higher order in curvature. Such modified 
equations might also allow for preonic solutions not present in the unmod- 
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ified ones. If it were found that only the inclusion of these higher-order 
curvature terms allows for preonic BPS solutions, this would indicate that 
BPS preons cannot be seen in a classical low energy approximation of M 
Theory and, hence, that they are intrinsically quantum objects. 

The special role of BPS preons in the algebraic classification of all 
the M Theory BPS states allows us to conjecture that they are elemen- 
tary ('quark-like') necessary ingredients of any model providing a more 
complete description of M Theory. In such a framework, if the standard 
supergravity did not contain v = 31/32 solutions, neither in its 'free' form, 
nor in the presence of a super-p-brane source, this might just indicate 
the need for a wider framework for an effective description of M Theory. 
Such an approach could include Chern-Simons supergravities [91] and/or 
the use of larger, extended superspaces (see [85, 4] and refs. therein), 
in particular with additional tensorial coordinates (also relevant in the 
description of massless higher-spin theories [155, 187, 203]). In this per- 
spective our observation that the BPS preonic configurations do solve the 
bosonic equations of Chern-Simons supergravity models looks interesting. 
It might be also worthwhile to look at the role of vectors and higher order 
tensors that may be constructed from the preonic spinors X a r , in analogy 
with the use of the Killing vectors Kfj = eiT a ej and higher order bilin- 
ears e/r ai "' as ej made in references [79, 80, 135, 136, 137, 138, 139, 103]. 

Chapter 5 contains the technical details of the expansion method [4, 5], 
a procedure of obtaining new (super) algebras G{N$, . . . , N p ) from a given 
one Q. It is based in the power expansion of the Maurer-Cartan equations 
that results from rescaling some group parameters. These expansions are 
in principle infinite, but some truncations are consistent and define the 
Maurer-Cartan equations of new (super)algebras, the structure constants 
of which are obtained from those of the original (super) algebra Q. We 
have considered the different possible Q(Nq,...,N p ) algebras subordi- 
nated to various splittings of Q and discussed their structure. We have 
seen that in some cases (when the splitting of Q satisfies the Weimar- 
Woods conditions) the resulting algebras include the simple or general- 
ized Inonii-Wigner contractions of Q, but that this is not always the case. 
In general, the new 'expanded' algebras have higher dimension than the 
original one. Since Q is the only ingredient of the expansion method, it is 
clear that the extension procedure (which involves two algebras) is richer 
when one is looking for new (super) algebras; the expansion method is 
more constrained. Nevertheless, we have used it to obtain the M The- 
ory superalgebra, including its Lorentz part, from the orthosymplectic 
superalgebra osp(l\S2) as the expansion osp(l|32)(2, 1,2) [4]. 

The expansion method is also applied, already in chapter 6, to discuss 
the relation of the gauge structure of D = 11 supergravity with osp(l|32). 
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In this chapter, the consequences of a possible composite structure, a la 
D'Auria-Fre, of the three-form field ^3 of the standard CJS D = 11 
supergravity are studied. In particular, we have shown that ^3 may be 
expressed in terms of the one-form gauge fields B ab , B ai --- a5 , T] a , e a , ip a 
associated to a family of superalgebras (£(s) = (*( 528 l 32 + 32 ) s / 0, cor- 
responding to the supergroups S(s) = e( 528 I 32 + 32 )(s) [6, 7]. Two values 
of the parameter s recover the two earlier D'Auria-Fre [92] decomposi- 
tions of A3, while one value of s, s = — 6 leads to a simple expression for 
A3 that does not involve B ai '" a ->. Indeed, the generator Z ai ^ M5 associ- 
ated to _B a i -- a s i s central in (£(— 6), so that the smaller supergroup S m i„ 
obtained by removing Z ai M5 from S( — 6) can be regarded as the mini- 
mal underlying gauge supergroup of supergravity [6, 7]. The supergroups 
x SO(l, 10) with s 7^ are non-trivial (non-isomorphic) deforma- 
tions of the S(0) xi 50(1, 10) C S(0) x Sp(32) supergroup, which is itself 
the expansion [6, 4] 05p(l|32)(2, 3, 2) of OSp(l\32). For any s / 0, 
S(s) xi SO (1, 10) may be looked at as a hidden gauge symmetry of the 
D = 11 CJS supergravity generalizing the D=ll superPoincare group 
S(nl 32 ) x 50(1,10). 

To study the possible dynamical consequences of the composite struc- 
ture of A3 we have followed the original proposal [92] of substituting the 
composite ^3 for the fundamental A3 in the first order CJS supergravity 
action [92, 105] of chapter 2. It has been seen that such an action pos- 
sesses the right number of 'extra' gauge symmetries to make the number 
of degrees of freedom the same as in the standard CJS supergravity [7]. 
These are symmetries under the transformations of the new one-form 
fields that leave the composite A3 field invariant; their presence is related 
to the fact that the new gauge fields enter the supergravity action only 
inside the A3 field. In other words, the extra degrees of freedom carried 
by the new fields B ab , B 0,1 - 0,5 , 7] a are pure gauge. One may conjecture 
that these extra degrees of freedom might be important in M Theory 
and that, correspondingly, the extra gauge symmetries that remove them 
would be broken by including in the supergravity action some exotic 'mat- 
ter' terms that couple to the 'new' additional one-form gauge fields. In 
constructing such an 'M-theoretical matter' action, the preservation of 
the S(s) x SO(l, 10) gauge symmetry would provide a guiding principle. 

We have stressed the equivalence between the problem of searching 
for a composite structure of the ^3 field and, hence, for a hidden gauge 
symmetry of D = 11 supergravity, and that of trivializing a four-cocycle 
of the standard D = 11 supersymmetry algebra <£ = (£( n l 32 ) cohomology 
on the enlarged superalgebras £(s), s / 0. The generators of (£(s) are in 
one-to-one correspondence with the one-form fields e a , V>°, B ab , B ai " M5 , 
rf . For zero curvatures these fields satisfy the same equations as the S(s)- 
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invariant Maurer-Cartan forms of (£(s) which, before pulling them back 
to a bosonic eleven-dimensional spacetime surface, are expressed through 
the coordinates (x a ,6 a ,y ab , y a i- a 5 ; of the S(s) superspace. This is 
the content of the fields/extended superspace coordinates correspondence 
principle, that conjectures that for the relevant supergravity theories there 
always exists an enlarged superspace whose coordinates are in one-to-one 
correspondence with the fields of the theory [85, 86]. D = 11 supergravity 
itself can be conjectured to be embedded in a larger superspace (see [7]). 

Several interesting questions arise concerning the composite nature of 
A3 . The first one was already sketched in chapter 7 and refers to the triv- 
ialization of the FDA seven-cocycle lo-j related to the dual formulation of 
D = 1 1 supergravity It would be interesting to check if loj is already triv- 
ial on the family of superalgebras or further extensions are needed 
instead to trivialize it. Another issue that would be worth studying is the 
trivialization of the FDAs corresponding to lower dimensional supergrav- 
ities. It would be interesting, in particular, to study whether the FDA 
corresponding to IIA and IIB supergravities can be trivialized by some 
superalgebra and, in case it were possible, to study its relation with the 
family (£(s) trivializing the D = 11 supergravity FDA. Another question 
that would be interesting to analyze would be the implications of the 
composite nature of A3 in the problem of the cosmological constant of 
D = 11 supergravity, argued in [98] to be forbidden on cohomological 
grounds. 

In chapter 7, we have presented a supersymmetric string model in 
the 'maximal' or 'tensorial' superspace E 1 - 2 ' n > with additional ten- 
sorial central charge coordinates (for n > 2) [8]. The model possesses 
n rigid supersymmetries and n — 2 local fermionic K-symmetries. This 
implies that it provides the worldsheet action for the excitations of a 
BPS state preserving (n — 2) supersymmetries. In particular, for n = 32 
our model describes a supersymmetric string with 30 K-symmetries in 
vj(528|32)^ which corresponds to a BPS state preserving 30 out of 32 su- 
persymmetries. This model can be treated as a composite of two BPS 
preons [83] and is the second (after the D = 11 Curtright model [191]) ten- 
sionful extended object model in $]( 528 l 32 ) . In contrast with the Curtright 
model [191], our supersymmetric string action in the enlarged D = 11 
superspace £( 528 l 32 ) does not involve any gamma-matrices, but instead 
makes use of two constrained bosonic spinor variables, and A~, cor- 
responding to the two BPS preons from which the superstring BPS state 
is composed. As a result, our model preserves the Sp(32) subgroup of 
the GL(32,R) automorphism symmetry of the D = 11 M-algebra. Our 

T, ( 2 i n > supersymmetric string model can be treated as a higher spin 
generalization of the classical Green-Schwarz superstring. At the same 
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time, the additional bosonic tensorial coordinate fields of the n = 32 case 
might contain information about topological charges corresponding to the 
higher branes of the superstring/M Theory [71]. 

I n(n + l) I \ 

The YSs—w model may also be formulated in terms of a pair of 
constrained worldvolume OSp(2n\l) supertwistors. The transition to the 
supertwistor formulation is similar to that for the massless superparticle 

/ n(n+l) i\ 

and the tensionless 2 \ n > supersymmetric p-branes [148, 149]. In 
our case, however, the supertwistors are restricted by a constraint that 
breaks the generalized superconformal OSp(64\l) symmetry down to a 
generalization of the super-Poincare group, $]( 528 l 32 ) x Sp(32). Such a 
breaking is characteristic of tensionful models. We note that this con- 
strained OSp(2n\l) supertwistor framework might also be useful for mas- 
sive higher spin theories. 

We have developed the Hamiltonian formalism, both in the original 
and in the symplectic supertwistor representation, and found that, while 
the Hamiltonian analysis in the original formulation requires the use of 
the additional auxiliary spinor variables (I = 1, [n — 2)) orthog- 
onal to Aq, the symplectic supertwistor Hamiltonian mechanics can be 
discussed in terms of the original phase space variables. Moreover, un- 
der Dirac brackets, supertwistors become selfconjugate variables and the 
symplectic structure of the phase space simplifies considerably. A nat- 
ural application of the Hamiltonian approach developed here would be 

the BRST quantization of the YS 2 > n> superstring model, which might 
provide a 'higher spin' counterpart of the usual string field theory. 

/ n(n-\-l) I \ 

We have also presented a generalization of our E 1 - 2 \ n > supersym- 

/ n(n + l) I 

metric string model for supersymmetric p-branes in E' 2 > n> . They 
correspond to BPS states preserving all but h(p) (see below (7.9.1)) super- 
symmetries, composites of n(p) BPS preons (n(2) = 2 , n(3) = 4 , n(5) = 
8). In particular, the S^ 528 ' 32 ) supersymmetric membrane (p = 2) also 
corresponds to |§ a BPS state. 

In this Thesis, preonic solutions have been shown to exist in enlarged 
superspaces or in the context of Chern-Simons supergravities. It would 
be very interesting to determine whether preonic solutions also occur as 
solutions of standard CJS D = 11 supergravity. The definitive answer 
would be provided by a complete classification of supergravity solutions, 
that would also shed light into the structure of M Theory itself. As fu- 
ture work, we aim to make some steps towards a complete classification 
of CJS supergravity solutions. The study of the interplay between the 
approaches to classify general supergravity solutions, is expected to give 
us new insights towards that classification. In particular, the presence 
of Killing spinors implies the existence of a G-structure [79, 80] on the 



8 Conclusions and outlook 



165 



tangent bundle, that is, a sub-bundle of the frame bundle with structure 
group G. Its existence can be seen from the fact that a set of covari- 
antly constant tensors exist on the tangent bundle, built as bilinears of 
the Killing spinors. The differential and algebraic conditions that these 
tensors satisfy turn out to constrain the geometry (the metric) and the 
fluxes. 

The generalized holonomy approach [78, 87], on the contrary, deals 
with the supergravity connection as a Clifford algebra valued connection, 
as discussed in chapter 2, without focussing on the tangent bundle or 
the spinor bundle of the background. The difficulty in relating both 
approaches could be put down to that fact. By dealing with an sZ(32,R)- 
valued connection, the Killing spinors are not any longer regarded as 
spinors in the tangent bundle (transforming in suitable representations of 
the tangent bundle structure group, SO (1, 10)), but are instead promoted 
to vectors of SX(32, R). It is not obvious that this step does not entail any 
loss of the information contained in the spin bundle [134] so, if this were 
indeed the case, supplementary conditions should be derived to account 
for the fact that the relevant SL (32, R)- vectors are also tangent bundle 
spinors. 

An interesting question that would shed light into the relation of both 
approaches is what subgroups H of the generalized structure group can 
actually arise as generalized holonomy groups of supergravity solutions. 
A refined definition of holonomy taking into account covariant derivatives 
of the curvature (higher order commutators of the covariant derivatives) 
[2] could be relevant with this regard. It could also be worth studying 
the effects of the effect successive covariant derivatives of the curvature 
when no fluxes are considered but higher order gravitational corrections 
are taken into account [111]. Alternatively, the study of the relevant G- 
structures of solutions including higher order corrections could allow us 
both to generate new examples, and help us to understand the origin of 
this higher order gravitational terms in the fully-fledged M Theory. 

The classification of supergravity solutions is not only expected to 
provide insights into the structure of M Theory, but also to provide new 
backgrounds for Standard Model building and for the AdS/CFT corre- 
spondence. In the later case, the G-structure approach has provided 
solutions containing AdS factors [134, 136, 137] suitable to test the corre- 
spondence (see [134, 79] and references therein for a review). We expect 
to be able to make progress also in this direction. 



Appendix A 



Second order integrability 
for the squashed S 7 



In this Appendix we present the details of the derivation of the linearly 
independent generators (3.4.9) and (3.4.10) of the generalized holonomy 
algebra hol(f2 m ) = so(7) of the squashed S 7 , associated to the second 
order integrability condition (3.4.8). For convenience, we rewrite (3.4.8) 
with a modified normalization 

M abc = 5 (V5D a C bcde T de -m'C bcad T d ) , (A.l) 

where we have defined 

m' = 2\fbim, (A.2) 

and have chosen the — sign in front of m! for definiteness. 

To obtain M abc , we have computed both the Weyl tensor C bc ad (given 
in [29]) and its (Levi-Civita) covariant derivative D a Cb c de- We obtain, for 



the non- vanishing generators (A.l) [2]: 

M 00 , = 4r 0] - e jkl T ki - 2w!Y 3 , (A.3) 

M 00j = 4r 0j + e jkl T kl + 2m'l\ , (A.4) 

M 0ij = 2e ijk T 0k + F fj -T ji , (A.5) 

M oi] = -^fc r ° fc + T H ~ Sr- + m'e ijk T k , (A.6) 

M m = -^fj + 3r a - 2m V* , (a.7) 

M h0j = e hjk T ok + 2T h] + 5 hj 5 kl T ki + T jh + 2m'S hj T , (A.8) 

M m] = -th jk r ok + r hJ + 3r^ - m'e hjk r k , (A.9) 
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A Second order integrability for the squashed S 



M hij - 5 hi T^ - ShjT^ + ^€ij k T h% - e hij S kl T ki - e^T^ 

+2m'{S hj T i - 5 hi T 3 ) , (A. 10) 

M hi j = (2ejkid~hi - \thkib~ij — \£ikib~hj)T kl — ^hi k ^f,j + 25hiToj 

+SijT oh + ShjToi + m'(2S hi r~ j - 5 ij T fi + b~ hj T :j ) , (A.ll) 

M m = 35 ^ T o] ~ 3 Voi + 3ew fc r fcj - 3e hj k T ki 

+2m'(e hij r + S hj Ti - 6^) , (A.12) 

M hoj = - 6T h] + 2m'e Wfc r* , (A. 13) 

M mj = 3T jh ~ 3S hjS kl r ki - m'(2S hj F + e hjk F k ) , (A.14) 
M hij = ^j kT kh + ^nVhj^i ~ S hi T.) , (A.15) 

M hij = 3S hj r oi ~ 3S ij T oh ~ 3$hi€jklT kl - 3eij l T hi 

+m'(-e hij T - 28 hj Ti + 5ijT h - S hi Tj) , (A.16) 

M m = ^hjT Ql - 6<J w r 0j - 6ei/r fcft + 4m / (4 j r, - 5 hl T } ) . (A.17) 

Not all the generators included in (A. 3)— (A.17) are linearly independent, 
however. After all, they are built up from Dirac matrices {r a b,r a }, that 
is, from generators of SO(8), so at most 28 can be linearly independent. 

In fact, only 21 linearly independent generators are contained in (A.3)- 
(A.17), as we will now show. Some redundant generators are straightfor- 
ward to detect, since the Bianchi identities for the Weyl tensor, D^C^de = 
and C^^d = place the restrictions 

M [abc] = . (A. 18) 

Further manipulations show that only the generators (A.ll) and (A.16) 
are relevant, the rest being linear combinations of them. The generators 
(A.4), (A.6), (A.9), (A.13), (A.15) and (A.17) are obtained from (A.ll): 

^ooj = ¥ k \ M m + M kji + M iki) > (A.19) 
M fj = b[i\ kl m mi - M ]j]ki ) - W^M lmk , (A.20) 

M io~j = ~W l ( M m ~ 4M b l«) " W^Mimk > (A.21) 
Mj 0i = -^\ kl (M klj]i -M lj]ki ), (A.22) 
M... M... M... (A.23) 
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M m = U M hfj - M hj i + M i h j- M jhi) 
i Mj 



-l6 kl (6 hi M kfj -6 hj M kl ;), (A.24) 



while (A.3), (A.5), (A.7), (A.8), (A.10), (A.12) and (A.14) are linear 
combinations of (A. 16): 

Mooj = y kl (M kji -M ]ki ), (A.25) 

M ohj = ~\e h kl (M m + 3M ]ki ) + \e 3 kl (M bh + 3MfJ , (A.26) 

M hj = ^ k \M m + 2M ]ki ) - e 3 kl {M kh + 2M M ) , (A.27) 

M h0j = -h h k \2M m + 5M ]ki ) + \e kl M M , (A.28) 
M hij = \5 kl (s hi (M kfj - 2M ]ki ) - 6 hj (M ki - 2M^)) + M ifh 

-Mjih + U M hij ~ M hji) ~ h^r(M kl% + 4M Afc[ ) , (A.29) 

M m = M ih] -M m , (A.30) 

M h0] = e h kl {M m + M ]ki ) - e kl M hkb (A.31) 

Moreover, both (A. 11) and (A. 16) contain redundant generators. The 
following combinations obtained from (A. 11): 

Coi = \* kl M iki , (A.32) 

C i3 = -± e[tl kl (M mi - 9M mi ) - ^ k b lm M lmk , (A.33) 

Ma = l M m = -h\i\ k \ M m ~ M m) ( A -^) 

(the expressions of which in terms of Dirac matrices are the first two 
equations in (3.4.9) and the first equation in (3.4.10), respectively) are 
linearly independent. Thus (A.ll) [and so (A.4), (A.6), (A.9), (A.13), 
(A. 15) and (A. 17)] can be uniquely written in terms of them: 

Mhij = ^ShiCoj + SijCoh + ShjCoi — 35hiej kl Mki — 3ehi k Mkj 

+(2ej kl S h i - \e h kl 5ij - \e kl 5 h3 )C kl . (A.35) 
Similarly, the following combinations contained in (A. 16): 

Ctf = h HM ]M ~ h kl (M ki + M lki ) , (A.36) 

M i = ±S kl (M kl -2M lki ), (A.37) 

M = y h:j M lnj (A.38) 



no 
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(which can be written in terms of Dirac matrices as in the final equation 
of (3.4.9) and the last two equations of (3.4.10), respectively) are linearly 
independent. Hence (A. 16) [and so (A.3), (A.5), (A.7), (A.8), (A. 10), 
(A. 12) and (A. 14)] can be uniquely written in terms of them: 

M- hfj = 68 M e 3 kl C ki -2e lJ k (C kh -2C hk ) 

+Q5 hj Mi + 35 ih Mj - 3<%M h - e hij M . (A.39) 

In summary, the linearly independent generators associated to the 
second order integrability condition (3.4.8) are the 21 linearly independent 
generators (3.4.9) and (3.4.10), namely {C 0i , C ih C fj , M ij} M i} M} (notice 
that Cjj contains 8 generators, since it is traceless), which close into an 
algebra whenever m 2 takes the value required by the equations of motion, 
m? = Jj. Since the only condition for the generators to close the algebra 
is placed on m 2 , they will close regardless of the orientation (i.e., of the 
sign of m). In fact, they generate the 21-dimensional algebra so(7), for 
both orientations [2]. 

Note that, by further choosing linear combinations of (3.4.9), the 14 
generators {Coi, Cij, Cf-} of G2 may be re-expressed in symmetric form 

r - — r - 

1 11 x 33' 

r o5 + r ifc' (i,J,k = 123,231,312) 
r 0l -I>, (i,j,k = 123,231,312). (A.40) 

The 7 additional generators {M ij: M i: M} of (3.4.10) extending (A.40) 
to so{7) may also be simplified in appropriate linear combinations. One 
possible set of generators is given by [2]: 

T li ±iT , 

r. k Tir h {i,j,k = 123,231,312). (A.41) 



1 li A 22' 

r - + r - 

T 0i + T-~ k , 



Appendix B 

Expansion of d(j ka ' 



This appendix contains the details of the derivation of the results sum- 
marized in table 5.3, about what one-form coefficients oj 1 p ,i3 p are needed 
to express duj ks ' as when the original algebra Q is split as in (5.4.1), with 
the structure constants satisfying (5.4.3). 

Inserting (5.4.4)-(5.4.6) into (5.2.10) where now p, g, s = 0,1,..., n, 
and using 



a—q 



\a=p 



\a=q 



Y x a Y ujip,/3 Aujiq,a ~ 13 > 

a=p+q f)=p 



we obtain the expansion of the MC equations for Q, 



Y X a du ks ' a = y xc 



13 A J"' a ~ /3 



(3=0 



(B.2) 



since the W-W conditions (5.4.3) will give zero in the r.h.s. unless a = 
p+q > s, in agreement with the l.h.s. equation (B.2) can be made explicit 
for p, q, s = 0, 1, . . . , n as follows [4]: 



oo ^ 

^AW s ' a = -- 



WO 



Y^Y^ Aojjo ' a ~ 13 + 



o=0 (3=0 
oo a—1 

+2 C f on Y xa J2 A ujn,a ~ 13 + • • • + 

a=l /3=0 
oo a—n 

+2ch V A a V J '? A u jn ' a ~ f3 + 

a=n f3=0 
oo a— I 

a=2 /3=1 
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oo a— n 



+ 2 *„ E A °E 



+ ...+ 



Q =l+n /3=1 

oo a— n+1 



+c ks ■ V A Q V 

^n—ljn—l / -J / -J 



J n -i,P A( J„-i,a-l3 



+ 



a=2n-2 f3=n-l 
oo a— n 



a=2n-l /3=n-l 



OO Q — ?1 



a=2n (i=n 



Rearranging powers we get 



oo ^ 

^aW-" = -- 



c ks - t>'° Au>'° + 



+ A ( c feo E^ A wJ0 ' 1 " /3 + 2c tji w ' ' A c>1 ) + 



/3=0 
2 



/3=0 



+2c*% y > ,/3 A c^' 1 ' 2 ^ + 2c, fcs , i>° A i> 2 + 
/9=0 



+^.y i > 1 At^' 1 ' 1 ) + ... 



Equation (B.4) now gives 

oo 1 

y aw- q = — ch t>° a - 



2 

n-l 



p=0 /3=p 
[^2^"] o— p a— g 



(B.3) 



(B.4) 



+ E E ^,E t>,/ ' A ' > ' aH3 

p=0 g=p+l /3=p 



2n-l 



p=0 /3=p 
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[^2^] min{a— p ,n) a—q 

+ E E <^E >,/3Aa>Q_/3 

p=0 <?=p+l /3=p 



a=2n 



n a— p 



p=0 /3=p 
n— 1 n a— q 



+E E c^E^'^^ 9 '^ 

p=0 g=p+l f3=p 



, (B.5) 



that is 



oo ^ 

/ -< 9 Wo 



-E AC 



min{[f],n} a _ p 
9 ^— ' 



p=0 



/3=p 



min{[^— -] ,n— l} min{a— p ,n} a— g 

+ E E <;,E wW ' A£> ' a ~ /J 



p=0 



<?=p+l 



/3=p 



(B.6) 



from which we obtain, upon explicit imposition of the contraction condi- 
tion (5.4.3) on the structure constants c's [4]: 

a = s = 0: 



(B.7) 



a = s > 1, s odd: 



p=0 



cf s , t>' p A t>-*" s p ; 

Lpjs — p 



(B.8) 



a = s > 1, s even: 



1 



3-2 
2 



A/- 3 = — c ks , u/i' 5 A a/4' 3 - V c*% c> p A c>-^" p ; (B.9) 



p=0 
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a > s > 0: 

min{[f],n} a ^ p 

duj k ^ a = -- c k ° jp > ,/3 a >- q -^ - 

min{[^i] ,n-l} min{a-p ,n} a-q 
P=0 <j=max{s-p,p+l} fi=v 
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Symmetry breaking of 
the supertwistor string 



This appendix contains the details of the breaking of the OSp(2n\l) sym- 

metry down to the supergroup X/ 2 \ n > x Sp(n), generalizing super- 
Poincare, in the supertwistor formulation (section 7.6) of the supersym- 
metric string model in tensorial superspace of chapter 7. 

The supergroup OSp(2n\ 1) is characterized by the (2n + 1) x (2n + 1) 
supermatrices Qj^ u that preserve the graded-antisymmetric matrix Osn = 
_(_l)dcg(E)dc g (n)^ nE) 'orthosymplectic metric', 

fe E '^n^n n '(-l) dcs{n)(des(n ' )+1) = , (C.l) 

the canonical form of which is given by equation (7.6.8). The grading is 
defined by 

(_!)**=) _{l ^ = l"V' 2 " (0.2) 
1—1 f or 2j = In + 1 

and coincides with deg(±£) for y ±s (see below equation (7.5.7)). The 
fundamental representation of OSp(2n\l) acts on supertwistors 

F s = (/x a ,A Q ,r ? ), (C.3) 
with even //*, X a and odd n. Near the unity, 

Qs n ~ (5s 11 + H s n , (C.4) 

where S^ 11 is an element of the osp(2n\l) superalgebra. It has the form 



'GoP K a/ 3 Co 

af3 

ie? — *C/9 
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where the even n x n matrix G a @ is arbitrary and the even n x n K a p = 
Kp a and A a/3 = A@ a matrices are symmetric. They define a gl(n) and 
two sp{n) subalgebras of osp(2n\l), 

Gj £ gl(n) , A afi £ sp(n) , K a/3 £ sp(n) . (C.6) 

Exploiting the analogy with the matrix representation of the stan- 
dard 4-dimensional conformal algebra su(2,2\N) and the 4-dimensional 
super-Poincare algebra, one can look at the gl(n) boxes G as a general- 
ization of the spin(l,D — 1) and dilatation algebras (L a @ + 5 a ^D), at 
the elements A a @ £ sp(n) as a generalization of the translation one, and 
at K a p £ sp(n) as a generalization of the special conformal transforma- 
tions. Equation (C.5) also contains two fermionic parameters, e a and 
which can be identified as those of the of 'usual' and special conformal 
supersymmetries. A specific check is provided by the n = 2 case, where 
SL(2,R) = Spin(l,2), the symmetric spin-tensor provides an equivalent 
representation for a SO(l,2) vector, and the superconformal group is 
OSp(2\l). 

If we now demand in addition that the degenerate matrix Csn (equa- 
tion (7.6.9)) is preserved, 

fe S 'C s ,n'a n n '(-l) dcs(n){dcs(n ' )+1) = Cefi , (C.7) 
we see that this is satisfied by the osp(2n\l) elements of the form 

(Sj \ 
E E n =U«0 -S p a =Zx U (S,A,e) , (C.8) 

\ ie? / 

where S a ^ £ sp(n), 

S af3 = C a~f S ^ = gfSa ^ (ag) 

i.e. by those of (C.5) with K a p = 0, ( a = and G a ^ = S a @ £ sp(n). 
Thus the condition (C.7) not only reduces GL{n) symmetry down to 
Sp{n), but also breaks the generalized special conformal transformations 
and the superconformal super symmetry. 

The right action of g^ n {S,A,e) (Eqs. (C.4), (C.8)) on the super- 
twistor (C.3), 5Y^ = y n Hn S , defines the generalized super-Poincare 
transformation of the supertwistor components, 

Sfi a = ^S p a + \pA^ a + ie a n , 

5X a = -S a \p , 5n = e a X a . (CIO) 

These can be reproduced from the following transformations of the coor- 
dinates of £(^^l n \ 

5X a P = A a ? + W^S + 2X ( - a ^S^ l3) , 56 a = e a + O^A^ , (C.ll) 
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using the generalization [148] of the Penrose correspondence relation [211, 
212] given in equation (7.6.2), 

M a = X Q %-^%, V = 9 a X a . (C.12) 

( n ( n + l) I \ 

The transformations (C.ll) of the £ l a i n > variables are a straightfor- 
ward generalization of the super- Poincare transformations of the standard 
superspace coordinates. This justifies calling the resulting supergroup 
Ti ( 2 \ n > x Sp{n) a generalization of the super- Poincare group. 

Going back to osp(2n\l), let us note that the generalized special super- 
conformal transformations (K a p, ( a ) act on the supertwistor components 

by 

5fi a = 0, 5\ a = ^Kp a -i v ( a , Sr, = n%. (C.13) 
Using equation (C.12) one may find from (C.13) the generalized special 

/ n(n + l) I \ 

superconformal transformations of the T, ( 2 \ n > coordinates 
5X a ? = iO^X^Cr ~ {XKX) a P , 

Note that (C.ll) follows as well from a nonlinear realization of the 

/ n(n+l) 1 \ /n(n+l) 1 \ 

generalized super- Poincare group YS 2 ' n> xi Sp(n) on the 2 > n > 
coset, i.e. from the left action of Gz n {S, A, e) ~ <5 s n + S s n (5', A, e) (C.8) 
on /C E n (X, 9) ~ <5 s n + Ks n (X, with 

/ \ 

K s n (x,0)= o # Q . (c.15) 

\ / 
Indeed, the infinitesimal form of 

g s u (s, a, e)/c E n (x, 6) = ic s u (x>, e')g^(A, o, o) (c.ie) 

reads 

K(5X, 59) = H(0, A, e) + H(0, A, e)K(X, 9) 

+[£(5,0,0), K{X,9)\ (C.17) 

and reproduces the generalized super-Poincare transformations (C.ll) 
[8]. 



Note added 



After this Thesis was submitted, bosonic k = 31-supersymmetric (i.e., 
preonic) solutions were shown to be ruled out in IIB [216] and in IIA [217] 
supergravity, at least when no a' corrections are taken into account. This 
conclusion can be drawn from an analysis of the algebraic equation for the 
Killing spinors arising from the requirement that the dilatino transforma- 
tion under supersymmetry vanishes (see footnote 1, page 36 above). The 
question of whether (bosonic) k = 31-supersymmetric solutions of D = 11 
supergravity do exist remains open, although the impossibility of such a 
solution to be dimensionally-reduced to a k = 31-supersymmetric IIA so- 
lution places particular restrictions [217]. See [95] for a discussion on the 
possible numbers < k < 32 of supersymmetries allowed by supergravity 
solutions. 

A possible way out [217], both in Type II and in D = 11 supergravity, 
for the existence of preonic solutions, would be the consideration of stringy 
(in Type II) and M-theoretical (in D = 11) corrections [125, 126, 127, 128, 
111]. 
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